Chuong 1. Bai toan t6i wu héa tong quat va cac vin dé co s¢
1.1. Bai toan tdi wu héa tong quat va phan loai cac bai toan
1.1.1. Bai toan t6i wu héa tong quat

Cuc dai hoa ( cuc tiéu hoa ) ham:

f (x) — max(min) (1.1)
Véi cac didu kién g, (x)(<,=>)b, ,i=1m (1.2)
xe X cR" (1.3)

Bai toan (1.1) — (1.3) duoc goi la mdt quy hoach, ham f(x) dugc goi 1a ham muc
tiéu, cac ham g, (x),i =1, m duoc goi 1a cac ham rang budc, mdi dang thirc hay bat dang
thie trong hé (1.2) dugc goi 1a mot rang budc. Mai tap
D ={xe X |g,(x)(<,=>)b,,i=Lm } duoc goi la mién rang budc. Mdi diém
X = (Xl, Xy yeees X ) e D dugc goi 1a mot phuong an. Mot phuong an X~ € D dat cuc dai (
hay cuc tiéu) ciia ham muc tiéu dugc goi 1a phuong an t6i wu. Gia tri f(X") duoc goi la
gié tri toi wu cta bai toan.

1.1.2. Phan loai cac bai toan

- Bai toan Quy hoach tuyén tinh

- Bai toan Quy hoach tham s6

- Bai toan Quy hoach dong

- Bai toan Quy hoach phi tuyén

- Bai toan Quy hoach ro1i rac

- Bai toan Quy hoach da muc tiéu
1.2. VAn dé mé hinh héa toan hoc
1.2.1. Xay dung mé hinh héa toin hoc cho mét van dé thue té

Budc 1. Xay dung m6 hinh dinh tinh cho vén dé thyc té

Budc 2. Xay dung md hinh toan hoc cho van dé dang xem xét

Budc 3. Str dung cac cong cu toan hoc dé khao sat va giai quyét bai toan hinh
thanh trong budc 2.

Buéc 4. Phan tich va kiém dinh lai cac két qua tinh toan thu dugc trong budc 3.
1.2.2. Mot s6 md hinh thye té
a) Bai toan 1ap ké hoach san xuét tdi uu

Mot cong ty mudn san xuat hai loai san pham méi A va B bang cac loai nguyén liéu
I, 11, 111. Chi phi nguyén liéu dé san xuat cac san pham d6 cho trong bang sau:

Nguyén li¢u San pham
A B
I 2 1
1 1 2
11 0 1

Du trir cac loai nguyén li¢u I, II, III twong g 1a 8,7,3 don vi. Tién 1ai mot don vi san
pham A va B tuong tmg 1a 4 triéu dong va 5 triéu dong. can 1ap ké hoach san xuat sao
cho cong ty thu duoc tién 13i 16n nhat voi diéu kién han ché vé nguyén liéu.

Lap bai toan.
Ki hiéu x, 1a lugng san pham loai A, X, 1a lugng san pham loai B can san xuét.



Mo hinh toan hoc c6 dang: f(x)=4x, +5x, — max
2%, +X, <8
X, +2X, <7
X, <3
Xy, X, 20
* Bai toan lap ké hoach san xuit tong quat c6 dang nhu sau:

Gia st cong ty san xuat n sdn pham va st dung m nguyén li€u. Ta dua vao cac ky hi¢u
sau.

X; : luong san pham loai j can san xuat( j = 1,_n)

C;: tién 1ai mot don vi san pham loai j

a; :chi phi ngyén li¢u loai I dé san xuat mot don vi san pham loai j.

b, : lwgng du trlr nguyén liéu loai i, (i = ].,_m)

Trong cac diéu kién da cho hiy xac dinh céc gia tri X 1= 1,n sao cho tong tién 13i 1a 16n
nhét vi diéu kién han ché vé nguyén li¢u.

n
MB® hinh toén hoc c6 dang: f(x)= ZCJ X; —> max
i1

b) Bai toan van tai

Co6 m kho hang cung chira mot loai hang hoa ( danh s6 i =1, m), lugng hang c6 &
khoi la a;. Goi khoila diém phat i. C6 n dia diém tiéu thu loai hang héa trén (danh )
j=1n), v6i nhu cau tiéu thu ¢ diém j1a b, (j =1,n). Goi diém tiéu thu j 1 diém thu j.
Biét ¢; 1a cudce phi van chuyén mot don vi hang hoa tir diém phét i dén diém thu j. Hang
c6 thé chuyén tir diém phat i dén diém thu j bat ky. Lap ké hoach van chuyén hang hoa
tor diém phat dén diém thu sao cho tong chi phi van chuyén 1a nho nhat véi cac diéu kién:
Céc diém phat thi phat hét hang, cac diém thu thi théa man nhu cau.

Ky hiéu X; la lwong hang vén chuyén tir diém phat i dén diém thu j. Ta c6 m6 hinh toan

hoc:

n

Zm: D c;x; — min
j=1

i=1
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¢) Baitoan vén dau tu nhod nhét
Vi du. Mot xi nghiép xu li glay, c6 ba phan xuong I, 1L, III cung xu 1i ba loai gidy A,

B, C. Do ba phan xuong c6 nhiéu su khac nhau, nén néu cung dau tu 10 triéu dong vao
mdi phan xudng thi cuoi ky phan xudng I xu 1i duge 6 ta giay loai A, 1 ta giay loai B, 3
ta giéy loai C. Trong khi d6 pha xudng II xtr 1i dugc 2 ta giéy loai A, 7 ta giéy loai B, 1ta
gidy loai C. Phan xudng III xir 1i duoc 1 ta gidy loai A, 3 ta loai B, 8 ta gidy loai C. Theo
yéu cau lao dong thi cudi ky Xi nghiép phai xir Ii dugc it nhat 2 tin gidy loai A, 2.5 tin
gidy loai B, 3 tin gidy loai C. Hoi can dau tu vao mdi phan xudng bao nhiéu tién dé xi
nghiép thoa: hoan thanh cong viéc va gia tién dau tu 1a nho nhat.
Lap bai toan.Goi x4 , x5, x3 ( don vi 10 triéu dong ) lan luot 12 s6 tién dau tu vao cac phan
xuong I, I1, II1. Khi d6 sb tién ma xi nghiép dau tw 1a f = x; + x, + x3.
Ta c6 bai toan: tim gié tri nho nhat cua biéu thac f = x; + x, + x5 v6i cac rang budc

6x1 + 2x, + x3 = 20

X1+ 7x, + 3x3 = 25

3x1 + x5, +8x3 =30

>0,j=123

1.3. Mot s6 khai niém va két qua tir dai s6
1.3.1.Ma tran
a) Pinh nghia. Mot bang s chit nhat c6 m hang, n cot

By Bppereeeeneeenns 8,
R Cn— a,,
Ay Bppeeeeeeeeeeens a,,

goi 12 mot ma tran ¢c& mxn. Phan tir a; la phan tr & hang tht i cot thr j ciia ma tran A.
Ta goi i 1a chi s6 hang va j 1a chi sb cot.
Pé don gian ma tran A con dugc viét dudi dang A = [aﬂ .
mxn

Ma trdn A ¢& nxn dugc goi la ma tran vudng cép n.



Cac phan tir a,;,8,,,8yg,er.n.. a, goi la cic phan tir chéo. Pudng thang xuyén qua
cac phan tir chéo goi 1a dudng chéo chinh.

Ma tran
0
=1, = duoc goi 1a ma trdn don vi cp n.
00 .. 1
Ma tran c& 1xn duoc goi la ma tran hang. Ma trdn ¢& nx1 dugc goi 1a ma trdn
cOt.
Ma tran A cap n
8, 8y . A&,y
0 &, .. a, , Lol iy A i
A= trong d6 a; =0 néu i>j, goi la ma trén tam giac
10 0 a,,
trén.
Ma trdn A cap n
a, O 0
aZl a22 0 r Ao s © 1N A 7
A= trong d6 a; =0 néu i<j, goi 1a ma trén tam giac
_anl anZ ann
dudi.
Ma tran ma tat ca cac phan tr déu bang khong goi 1a ma tran khong va ky hi¢u la
0.

Hai ma trdn A va B goi 1a bang nhau néu chiing cung c& va cac phan tur cung vi tri
bang nhau, ttc 1a

DA=[a] iB=[b]

2)a; =by, Vi, ]

b) Cac phép toan ma tran
Phép cong

Dinh nghia. Cho hai ma tran cung ¢& mxn. A= [aii]m L B= I:bij:'m )
Tdong cua hai ma tran A va B 1a ma tran C = [Cij] cd mxn trong do:
C; =a;+b;, vi=12.m; j=12.n.

UK

Ky hiéu:C=A+B

Vidu 1.
3 1+o 3] [3 4
7 5| |-4 8] |3 3

Tir dinh nghia ciia phép toan cong ma tran dé dang kiém chimg cac tinh chat sau.
Tinh chat. Cho A, B, C la cac ma tran ¢c& mxn. Khi d6



)A+B=B+A
iNA+0=0+A=A
iii)A+(B+C)=(A+B)+C
iv) Néu goi —A= [—aij]m i thi A+(-A)=(—-A)+ A=0.Ma trin —A goi la ma
tran déi cua A. ,
Dinh nghia. Néu A, B 1a cac ma tran cung cd thi ta dinh nghia
A-B=A+(-B)
Phép nhin mét s6 véi ma tran
Dinh nghia. Cho A= I:aij]mxn . Tich ciia k v&i A 1a ma tran ¢c& mxn xac dinh béi
kA =] kay |
Vidy 2.
33 41 133 34 | |9 12
7 -1| |37 3.(-1| |21 -3
Tinh chdt. Cho A, B 1a cac ma tran ¢& mxn va a, f € R. Khi d6
)1L.A=A
ii)(aﬂ)A=a(,BA)
iii) (a+ B)A=aA+ A
iv)a(A+ B):aA+aB
Phép nhin ma tran véi ma tran
Dinh nghia. Cho A=[a;] :B=[b;] . TichABlamauinC=[c,| com

mxn

mxn

hang n c6t ma phan tir ¢; dugc tinh boi cong thue

P
C; =auby +a,by,; +..+a,b,; = a,by
k=1

Chuy. a,,a,,..,a, 1acac phén tir & hang i cta A va by;,0,;,...,b, lacac phén tir & cot j

cua B.
Vidu 3.

12
123 3 2| 1.1+2.3+3.1 12+2.2+34| |10 18
412 | 41+1.3+21 42+12+24 9 18

1.3.2. Pinh thirc
Xét ma tran cap n.



8 8 .. @y .. Ay

8y 8y e Gy o Ay
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Ta cha y dén phan tir a;, bo di hang i cdt j ta thu dwoc ma trdn chi con n -1 hang, n
— 1 c0t, tire 1a ma tran cép n-1. Taky hi¢u n61a M i va goi n6 1a ma tran con ung voi
phan tir 3
Dinh nghia. Pinh thirc cia ma tran A, ky hi¢u 1a det(A), dugc dinh nghia dan dan nhu

Sau:
A la ma tran cap mét:

A= [aﬂ] thi det(A) =a,,
A 14 ma tran cép hai:
a; & N
A= { 1 2} thi det(A) = a,, det(M,,) —a,, det(M,,) = a,;a,, —a,a,,
a‘Zl a‘22
A la ma tran cép n:

det(A) =ay, det(Mll) —ap det(Mlz) Tt (_1)l+n &, det(Mln)
(cha y rang a,,,a,,,...,a,, 1 cic phan tir cing nam & hang 1 clia ma tran A).
Pé ky hiéu dinh thtrc, ngudi ta dung hai gach ding dat & hai bén:

a; & &
a, ay| | "
a21 a‘22 a‘23
aZl a‘22
8y A3 g
Dinh thirc cia ma tran cép n goi la dinh thue cép n.
Vidu 4.
13 =14-(-1).3=7
-1 4 7 T
1 3 1
1 -1 -3 -1 -3 1
-3 1 -1=1. -3. +1. =3-30-19=-46
5 -2 4 -2 4 5
4 5 -2

Tinh chét caa dinh thirc

Tinh chat 1. det(A") = det(A).

Tinh chdt 2. Dbi chd hai hang ( hay hai cot ) ciia mot dinh thirc ta dugc mot dinh thirc
moi bang dinh thirc cii d6i dau.

Tinh chdt 3. Mot dinh thire ¢6 hai hang ( hay hai c6t ) nhu nhau thi bang khong.

Tinh chat 4. Khai trién cua dinh thirc theo hang i:

det(A) = (-1) " [a, det(M ;) — a, det(M,,) +...+ &, det(M,,)]



Khai trién cua dinh thtrc theo cot j:
det(A) =(-1)" [a,, det(M, ) —a,, det(M,,) +...+ a, det(M,,)]

1 3 1
Vidu5. A=-3 1 -1
4 5 2

Tinh chdt 5. Mot dinh thire ¢6 mot hang ( hay mot cot ) toan 1a s6 khong thi bang khong.
Tinh chdt 6. Khi nhan cic phan tr cia mot hang (' hay mot ¢t ) voi cung mot s k thi
dugc mot dinh thirc méi bang dinh thirc cii nhan voi k.

Hé qua. Khi cac phan tir cia mot hang ( hay mot cot ) c6 mot thira sé chung, ta c¢6 thé
dua thira s6 chung d6 ra ngoai du dinh thirc.

Tinh chat 7. Mot dinh thirc c6 hai hang ( hay hai c6t ) ti 1¢ thi béng khong.

Tinh chat 8. Khi tat ca cac phan tir ciia mot ( hay mot cot ) c6 dang téng cua hai s6 hang
thi dinh thuc c6 thé phan tich thanh tong cua hai dinh thtre.

Tinh chdt 9. Khi ta cong boi k cia mo hang vao mo hang khac ( hay boi k cia mot cot
vao mot cdt khac ) thi dugc mot dinh thirc méi béng dinh thirc cti.

1.3.3. Ma tran nghich ddo, Hang ciia ma tran.

Dinh nghia. Ma tran vudong A cép n goi la ma tran c6 nghich d4o,hay goi la kha nghich,
néu ton tai ma tran A’ vudng cip n sao cho: AA = AA=1 .

Xét ma tran

YR N a,
PR a,,
Ay e a,,

Goi D; = det(M;;) la dinh thirc con ng véi phan tir a;,va A= (—1)I+J D; 1a phan phy
dai s6 clia phan tir a; -

Pinh 1y. Néu det(A) #0 thi ma tran A c6 nghich dao A™ tinh boi cong thirc sau:

Ar Ay Ay

Afl l A12 A22 A]Z

det(A)

An A o A,

Vi du 6.Tim ma tran nghich dao cua

1 2 -1
A=l4 -1 3
2 1 1

Xét ma trdn c& mxn



Goi p 1a mdt s0 nguyén duong khong 16n hon min {m,n}

Dinh nghia. Ma trn vudng cép p suy tir A bang cach bo di m-p hang va n-p cot goi 1a ma
tran con cap p cua A.

Dinh thirc ciia ma trén con d6 goi 1a dinh thirc con cép p cua A

Dinh nghia. Hang ctia ma tran A la cap cao nhat ctua cac dinh thirc con khac khong cua
A

Ky hiéu: r(A)

Cha'y. Hang ciia ma trén c6 dang bac thang bang sb hang khac khong ciia no.

Vidu 7. Tim hang cia ma tran

11 1 1
A=1 3 -2 4
1 -1 4 -2

1.3.4. H¢ phwong trinh tuyén tinh.

Dang téng quat ctia mot hé phuong trinh tuyén tinh
QX 8%+ A X = By
A, X + 8%, + ... A, X =D,

2n*n
Ay X 85X, + ... + 85, X, = b,

Qg Xy A%, + o+ X = b

N

(1.4.1)

Trong d6 X, j=12,...,n lacac an sb. a; lahésd & phuong trinh thir i cia an X; . b la
vé phai ctia phuong trinh thi i.

Khi b, =0, Vi ta co mot hé thuan nhat.

Quy tic Cramer.

Xét h¢ phuong trinh n phuong trinh n an:

allxl+a12X2+"'+aln n— bl
Ay X + 85X, + ... +8,,X, = Db,

2n*n
Ay X; 85X, + ..+ X = bs

(1.4.3)

auX +a, X, +...+a,X,=Db

V&1 ma tran hé so



Pinh Iy Cramer. Néu ma tran A khong suy bién thi hé phuong trinh (1.4.3) c6 nghiém
duy nhét
det(A;)
X, =——1°
' det(A)
thay cot thi j boi cot vé phai b.
Vidu 1.18. Giai hé phuong trinh
2X +X, —%X; =1

trong d6 A 1a ma trdn hé $0, A, la ma trn suy tir ma trén A béng cach

X, =X, + X, =1
3X +2X,+X%X =0
Pinh 1y Kronecker — Capelli. H& Ax = b, c6 nghiém khi va chi khi r(A) =r(A).
Chuy. Tt dinh 1y ta suy ra:
r(A) #r(A) thi hé vo nghiém
r(A)=r(A)=n thi hé c6 nghiém duy nhAt.
r(A) =r(A) <n thihéco vo sb nghiém.

1.3.5. Khong gian Euclid o )
DPinh nghia. Mt vecto n chiéu 1a mot hé dugc sap gom n so thuc

X = (X, Xy 00 X, )
Xét y=(yy, Y0 ¥,), @ €R
X=y< X =Y, Vizl,_n
Phép cong: X+ Y = (X, + Yy, Xy + Yy ren X, +Y,)
Phép nhan $b thuc vo1 vecto: ax = (oex1 ,OXy yens axn)
Tinh chét.
) X+y=y+X
) x+y+z=(x+y)+z
3) X+0=x,Xx-Xx=0; X+ (- y)=x-y\
4) o px) = (a)x
5) a(X+y)=ax+ py
6) (a + f)x = ax+ X
Tap hop tat ca cac vecto n chiéu trongdo xac dinh phép cong cac vecto , nhan mot sO
thuc véi vecto thoa man céc tinh chat trén, goi 1a khong gian tuyén tinh n chiéu. Ky hiéu
R". Cac vecto n chiéu con goi 14 cac diém ciia khong gian.
X,Y,Z,...€ R" duoc goi 1a doc 1ap tuyén tinh néu:
axX+pN+Z+.+.=0a=F=y=..=0
Néu X=ay + Bz +...+ pv goi 14 to hop tuyén tinh cua y, z,...,



Trong R" c6 n vecto doc lap tuyén tinh l4p thanh co sé cta né.

Khong gian tuyén tinh c6 dwa vao tich vé hudng goi 1a khong gian Euclid.
Chuong 2. Quy hoach tuyén tinh

2.1. Bai toan quy hoach tuyén tinh

2.1.1. Bai toan tong quat

Bai toan tong quat cia QHTT c6 dang:

X)=>c;x; > max (min) (1.1)
j=1

Zau (S=2)b,i=1m 1.2)
X;20,j=1 €.3)
Bai toan min: f(x Zc X; — min (1.4)
xeD (1.5)

Giit nguyén rang budc ta dua né vé bai toan max.
=—)¢;X; - max (1.6)

j=t

xeD (1.7)

Néu bai toan max c6 phuong an t6i vu X~ thi bai toan min ciing c6 phuong an tdi uu 1a
x va fo, =-f
2.1.2. Dang chuan va dang chinh tac
Dang chuan:

X)=c;X; = max (min) (1.9)
j=1

Zau [ Sbi=1m (1.10)

X; 20, ] =1n .12

Dang chinh tic:

X)=>¢;X; —> max (min) (1.12)
j=1

Za” [ =b,i=1m (1.10)

X;20,] =1n @.11

Viét dudi dang ma tran: f(x)= (c, x) — max



Ax=Dh
x>0

Trong do A:(a )i:l,m la mdt ma tran cép mxn. X:(Xl,xz,...,xn)T, b:(bl,bz,...,bm)T.

ij Ji
j=1,n
Ky higu: Al = (al (180 Ay )T 1a vecto cot thir j ctia ma tran A. Khi d6 phuong trinh

Ax =D dugc viét dudi dang: X, A' + X,A? +...+ x A" =b.

2.1.3. Pua QHTT vé dang chinh tic
Bat ky QHTT nao cling c6 thé dua vé dang chinh tac nho cac quy tac sau day :

- Néu gap rang budc i c6 dang < thi nguoi ta cdng thém vao ve trai cia rang budc mot
bien phu xn+i > 0 dé dugc dau =.

- Néu gip rang budc i co dang > thi ngudi ta trir vao vé trai cta rang budc mot bién
phy xn+ > 0 dé duoc ddu =
Céc bién phu chi 1a nhitng dai lugng gilip ta bién cac rang budc dang bat dang thirc

thanh dang thirc, né phai khong anh huong gi dén ham muc tiéu nén khong xuat hién
trong ham muc tiéu.

- Néu bién x; < 0 thi ta ddt v6i x; = —x'; , x; > 0 rdi thay vao bai toan.
- Néu bién x; 1atuy y thi ta dit

X;=X;—X; voi Xx;,%; deuz0:

roi thay vao bai toan.

- Trong trudng hop trong sd cac rang budc co6 dong ma vé phai ciia dong do 1a gia tri
am thi d6i d4u ca hai vé dé dugc vé phai 1a mot gid tri khong am.
Vi du. Bién d6i bai toan quy hoach tuyén tinh sau day vé dang chinh tic :

min z(x) =2x —x, +2x; +x, — 2x;
i (%= 2%y + % + 2%, + 2, =7
Xy +2x,+x,2-1
< 2x;+x, +3x5210
Tt x—2x+x,=20
’xl ,xs 20
1%, =0
|| %2, %5 t0Y ¥
2.1.4. Giai bai toan QHTT hai bién bing phwong phap hinh hoc




Xét bai toan Quy hoach tuyén tinh
f(x)=4x, + X, — max
X, +X, <5
2%, +3x, <12
X3 X, 20

Ham muc tiéu dat gia tri max la 20 tai (5;0).

2.2.Mt s6 tinh chét chung
2.2.1. Tap hop 16i

Dinh nghial. Tap L < R" duogc goi la tap 16i néu

Vx,y e L= Ax+(1- A1)y € L,V2;0 < A <1. Néi cach khac, tap L 1a tap 16i néu doan
thang ndi hai diém trong L ndm gon trong L.

Vi du. Trong R?, doan théng, duong théng, tia, toan bd R?, nira mit phfmg, da giac 161,
tam giac, hinh tron, elip déu 14 tap 16i.

Dinh nghia 2. DPiém X, dugc goi la diém cuc bién cua tap 16i L, néu

Xo = X + (L= A)X,, X, X, e L,0<A<1=> X, = X, = X,

Vi du. Trong R?, doan théng thi hai diu mat 13 cac diém cuc bién. Hinh tam giac thi cac
dinh 12 cac diém cuc bién.
2.2.2. Tinh chét ciia bai toan Quy hoach tuyén tinh
Dinh ly 1. Tép hop cac phuong an cua bai toan Quy hoach tuyén tinh 1a mot tap 16i.
Dinh 1y 2. Tap hop cac phuong an tdi vu ciia bai toan Quy hoach tuyén tinh 1a mét tap
16i.
2.2.3. Tinh chit ciia bai toan Quy hoach tuyen tinh dang chinh tic

Xét bai toan Quy hoach tuyén tinh dang chinh tic

f(x)={(c,x) = min
X A+ X,A* +..+ X A" =b
X;20,j= 1n
Dinh nghia 3. Gid sit X° = (X,g, X,,+» X,,) 12 mOt phwong 4n ctia bai toan Quy hoach
tuyén tinh dang chinh tac. Khi d6 x,,A' + X, A? +...+ X, A" = b tng véi nhimg Xjo >0,
he { A’ } duoc goi 1a hé vecto lién két véi x°.
Vi du. Xét bai toan Quy hoach tuyén tinh co6 tap phuong an 1a
2X, + X, — X3 =95
X, =X, +4X; =2
X; 20, j=13

, 71 ) ) ) .
Taco: x° = (§ '3 ,0) 1a mot phuong 4n ctia bai toan véi hé vecto lién két A', A”.

Dinh Iy 3. Gia stt X° = (X9, X01-» X,o) 12 mOt phuong 4n khac khong ctia bai toan Quy

hoach tuyén tinh dang chinh tic. Khi ¢6 néu x° 1a phuong 4n cuc bién cua tip phuong



an thi hé vecto lién két v6i no doc lap tuyén tinh. Nguoc lai, néu x° 1a mot phuwong an co
hé vecto lién két doc lap tuyén tinh thi X° 1a mot phuong an cuc bién.

Hé qud 1. S phuong 4n cyc bién cia bai toan Quy hoach tuyén tinh dang chinh tic 1a
hiru han.

Dinh nghza 4. Mot phuong an cuc bién cua bai toan Quy hoach tuyén tinh dang chinh tic
duogc goi 1a khong suy bién néu sb thanh phan dwong ciia né bang m. Néu s thanh phan
duong it hon m thi phwong an cuc bién nay goi 13 suy bién.

Vi du. Xét bai toan quy hoach tuyén tinh c6 tdp phuong an 1a

X, +2X, = X3 =5
X, =X, +2X; =5
Xj Zo,j:]:%

% =(0,5,5) 1a phuong 4n cuc bién khong suy bién. x* = (5,0,0) 1a phuong an cuc bién
suy bién.
Hé qua 2. S6 thanh phan duong cia mot phwong an cuc bién tdi da bang m( sé dong cua
ma tran A).
Pinh 1y 4. Néu bai toan Quy hoach tuyén tinh dang chinh tic c6 tip phuong an khéc rdng
thi n6 ¢6 it nhat mot phuong an cuc bién.
Vi du. Tim tit ca cic phuong an cuc bién cia tip phuong an cua bai toan

f(x)=2x, + X, +5x, — min

X, + X3 +X, =5
X, = X3 +2%X, =1
X; >0,j=14

Pinh Iy 5. Néu bai toan Quy hoach tuyén tinh dang chinh tic ¢6 phwong an tdi uu thi né
c6 it nhat mot phuong an cuc bién 1a tdi wu.
Pinh Iy 6. Diéu kién can va di dé bai toan Quy hoach tuyén tinh dang chinh tic c6
phuong an ti wu 1a tip phuwong an khong rdng va ham muc tiéu bi chin dudi ( néu 1a bai
toan min ) hodc bi chan trén( néu 1a bai toan max) .
Vi du. Giai bai toan Quy hoach tuyén tinh

f(x)=2x, + X, +5x, — min

X, +X;+X, =5
X, — X3 +2X, =1
X;20,j=14

2.3.Phuwong phap don hinh gidi QHTT
2.3.1. Puwong 16i chung va co sé thuit toan
Phuong phap don hinh dua trén nhan xét sau:
-Néu bai toan QHTT c6 phwong an tdi wru thi ¢6 it nhat mot phuong an cuc bién 14 toi
uu.
- S6 phuong an cyc bién 13 hiru han.
Nhu vay phai tdn tai mot thuét toan hitu han. Thuat toan gém 2 giai doan:
Giai doan 1. Tim m{t phuong an cuc bién ban dau.



Giai doan 2. Kiém tra diéu kién t6i vu ctia phuong an do.
- Néu di€u kién t61 vu thoa man thi phuong an d6 1a phuong an t1 wu. Néu khong
ta chuyén sang mot phuong an cue bién mai t6t hon phuong an ban dau.
- Kiém tra diéu kién t6i wu cua phwong 4n mai.
2.3.2. Co sé cua thuat toan
Xét bai toan dang chinh tac
f(x)=(c,x) - min
X A+ X,A% +..+x A" =Db
X;20,]J=1n
Gia su bai toan dang xét da biét mot phuong an cuc bién x° = (Xigs X0 14y Xing »0y-+,0)
trong d6 X;, >0, j =1,m. Co s& lién két cua x° 13 AY, A% A".
Véimdi j=1n,tacod Al =x A" +X,, A +...+ X, A" tinh chit cta co s0)

Ky hi¢u: x! = (Xyj1 X reres Xy ) » VO j—lm thi x’ 1a vecto don vi thu j.

bit z, :icixij :<c,xj>,j:1,
i=1

A; =1;—c; goilaude lugng cua vecto Al g véi phuong an cuc bién x°.
Chiy. A, =0, j=1m.
Pinh Iy 1. ( Dau hiéu t6i uu)

Neu X = (X9, Xp01-+» X9 +0,--.,0) 1a mot phuong an cuc bién cua bai toan Quy hoach
tuyén tinh dang chinh tic sao cho A;<0,Vj= Ln thixla phuong an tdi uu.
Pinh Iy 2. Néu ton tai vecto A’ ngoai co so lién két ciia phuong an cuc bién
X = (X1 Xg010s Xy 05--,0) sa0 cho A; >0 va x) <0 thi bai toan Quy hoach tuyén tinh
dang chinh tic khdng c6 phuong an tbi uu.
Vi dyu. Xét bai toan  f(x) = x, +6x, +9x, — min

X, +2X;=6
X, +X; =8
X; ZO,jleS

Xét xem phuong an cuc bién X = (6,8,0) c6 phai 1a phuong an tdi wu khong?
Vi du 2. Xét bai toan  f(x)=7x, — 26X, +9x, — min

X, — 2X, =5
X, +X; =7
X; 20,jz1,_3

Xét xem phuong an cuc bién X = (5,0,7)0() phai 12 phuong an ti wu khong?
Pinh Iy 3. Néu ton tai vecto A' ngoai co so lién két ciia phuong 4n cuc bién
X = (Xy01 Xg91+0s Xpn10,--,0) 580 cho A; >0 va v6i mdi jma A; >0 ta ludn tim duoc it



nhit mot x; > 0 thi khi do ta c6 thé tim dugc mot phuong an cuc bién maéi t6t hon x,
nghia la phuong an nay lam ham muc ti€éu nho hon phuong an x.

Xay dung phuong an méi:

T co s6 cii, dua vecto A* (mg véi A, >0 vao thay cho vecto A°. Chisdk vas

, . .| X X ) e
dugc xac dinh: A, =maxA;,A; >0, 6= mln{—'o: X, > 0} = X0 ta duge co s méi 1a
: X
ik sk

co s& lién két cuia phwong an cuc bién X'.
Phuong 4n méi
X' = (XlO = Xy Xgp = Koy rees X g0 = Ky .0, Xsi10 = Ksigormes Xmo = Koy ,0,...,0)
Vi dy. Giai bai toan Quy hoach tuyén tinh f (x) = x, — 2X, + 2x, — min
X, + X, +4x, =6
2X, + X3 +5X, =8
X;20,j=14
2.3.3. Thuit toan don hinh cho bai toin chinh tic ¢6 sin ma tran don vi
Gia st bai toan chinh tic  f(x)=(c, x) — min
XA+ XA+ + X A" =D
X;20,j=1n
C6 chira mot ma tran don vi gdm m vecto dau tién 1a A, A%,..., A" va phuong an cuc
bién trong budc lap dau tién 1a x = (b,,b,,...,b,,0,...,0) > 0. Bang don hinh

Cl C2 Cm Cerl Ck Cn
Cf’ HF Phan | x, X, . Xo | Xiu Xy Xn
SO SO Cj

1

A C1 bl 1 0 O X1m+1 Xlk Xln
2

A C2 b2 0 1 0 X2m+1 X2k XZn

AS Cs bs O 0 O Xsm+1 Xsk Xsn

Am Cm bm 0 0 1 Xmm+1 ka an

f)[f, [0 o 0 A, A, A,

Budc 1. - Néu A ; <0,V = 1,n thi phuong 4n dang xét 1a phuong an t6i wu. Thuat toan
két thuc.



- Néu tdn tai A; >0 ma tmg v6ijndy, x; <0,Vi=1m thi bai toan khong c6
phuong an t&i wru. Thuét toan két thuc.
-Neéuton tai A; >0 ma ng vdi j nay, ton tai X; >0 ta s€ tim duge mot phuong
&n cyc bién khac t6t hon phuong an dang xét.
Budc 2. — Xac dinh A, = max{ AjTA > 0 }, vecto A* dua vao thay thé
- Xac dinh vecto A® dua ra khoi co s& nhu sau:
Lap ti s giira cot phuwong an va cac phan tir dwong tuong tmg & cot X* dé chira ty
. . . X X
s6 nho nhat 6 = mln{—'o: Xy > 0} =0
Xik Xsk
Cot k duogc goi 1a cot xoay, dong s dugc goi la dong xoay, phén to Xy, duoc goi la phén
tlr truc.
Budce 3. Lap bang don hinh méi.
- Chia moi phan tr & dong xoay cho phan tur truc két qua thu duoc goi 1a dong
chinh
- Lay moi dong khac trur di tich ciia dong chinh nhan véi phan tir xoay tuong ting
Budce 4. Quay lai budc 1.
Vi dy. Giai bai toan  f(x)=-5x, — 4x, +2X, — min
X, +2x,+X%X; =10
X, +X, +3X; =12
Xg +3X, +3X; =15

X;20,j=15
-5 -4 0 0 2

Co | H¢ Phan| x X, X3 X4 Xs
sO | sb C;
A -5 10 1 0 0 2 1
A’ -4 12 0 1 0 1 3
A3 0 15 0 0 1 3 1

f(x) | -98 0 0 0 | -14 | -19

Phuong an t6i vu 1a x = (10,12,15,0,0), gia tri ti wu -98.
Vi du. Giai bai toan

f(x) = —=2x; —4x, + x3 — x4, &> min
x1 + 3x, +xs =4
2x1 + x5 — X3 +x¢ = 3
Xy +4x3 + x4 =3
xi=0,j=16
-2 -4 1 -1 0 0

Co | Héso | Ph.én X X, X3 Xy Xs Xe




s& C;
A® 0 4 1 3 0 0 1 0
A® 0 3 2 1 -1 0 0 1
A* -1 3 0 1 4 1 0 0
f(x) -3 2 3 -5 0 0 0
A? -4 4/3 1/3 1 0 0 1/3 0
A® 0 5/3 5/3 0 -1 0 -1/3 1
A* -1 5/3 | —1/3 0 4 1 -1/3 0
f(x) -7 1 0 -5 0 -1 0
A? -4 1 0 1 1/5 0 2/5 | —-1/5
Al -2 1 1 0 -3/5 0 —-1/5 | 3/5
A* -1 2 0 0 19/5 1 -2/5 | 1/5
f(x) -8 0 0 |-22/5| 0 —-4/5 | =3/5

Phuong an t&i vu 1 x = (1,1,0,2,0,0) va gié tri t6i wu Ia -8.
2.3.4. Thuit toan don hinh cho bai todn chinh tic khong cé sin ma tran don vi

Gia st bai toan chinh tic
f(x)=(c,x) > min

Ax=b *)
x>0
trong do A khong c6 ma tran don vi.
Phuong phap danh thue:
Ta thém céc an gid X, X5, X, ( 818 s bai todn con thiéu m vecto don vi ). Khi
d6 bai toan ¢6 dang sau: f(x)+ Mx,,, + MX,,, +...+ Mx,,, — min
Bx=b (M)
x>0

Trong do B 1a ma tran cép m x (m + n) v6in cot dau 1a ma tran A, m cdt sau la m vecto
don vi. x 12 vecto c6 n+m thanh phan. M 14 sé duong rat 16n.

Dinh ly. Néu bai toan (*) c6 phwong an toi uu X = (X,, X, ..., X, ) thi bai tén M ¢é phwong
an tbi vu x = (X, X5 400 X,,0,...,0) va nguoc lai.

_5J->0,V7/j
Quyuse: A; =6 M+y, >0«
6,=0,y;,>0
_5j<O,V7/J-
Aj=06M+y; <0<
6,=0,7,<0
o, >0,0,Vy,
Ay =6M+y, >A;=6M+y;, &
O; =0, Yk > 7,

Vi du. Giai bai toan f(x)= 2%, + X, — X, — X, — max



X, =X, +2X,—X, =2

2%, +X, —3X; +X, =6

X, +X,+X; +X, =7

X; 20, j=14
Vidu. Gia thiét ring & mot xi nghiép san xudt 2 loai san phdm AvaB. Dé don gian ta
gia thlet rang trong quy trinh san xuét san pham A, chi phi bao gbém strc lao dong con dé
san xuét san pham B thi vira t6n stc lao dong vira tén tu lidu san xudt ( chinh 14 san phim
A) . Biét rang dé san xudt mot don vi san pham B thi tén 0,4 don vi lao dong va 0,1 don
vi san pham A. Dit trit lao dong téng cong co 100 don vi. Cén lam cuc dai 0 san pham
cubi cung cua xi nghiép voi diéu kién 1a san pham can dugc san xuat dong bod vai ty 18
3:1( tuc 1a san pham A va Vi san pham B).
2.4.Quy hoach déi ngau

2.4.1. Bai toan ddi ngiu
Dinh nghia. Cho bai toan QHTT, ta goi la bai toan (P)

X) = Zn:cjxj =(c,x) - min
=

Z;a”xjsb, (iel) (1)
=
Z;aijxl >b (iel,) (2)
=
zaijxj =b (iel,) (3)
j=
x; 20 (jed)) (4)
$<0 (jed,) 5
X; el (J EJs) (6)
Bai toan goi 12 (Q) sau ddy duoc goi 1a bai toan dbi ngau cia bai toan (P)

m

=> by; =(b,y) > max

i=1

y<0 (iel) (1)
y; 20 (iel,) (2)
el (iely) (3)

iZ::aijyiSCj (jed) (4)
gauyizcj (ied,) (5)



Za.,y. =¢; (ieJ;) (6)

Trong d6 cac cdp rang bude (1)— (1), (2)—(2')... duoc goi la cac rang budc doi ngau véi

nhau.
Vi du. Viét bai toan doi ngau cua bai toan sau:

f (X)=4% +3%, = 7X; + X, — X = min
12x, +5X, -3%, <5

X —X;—4X, —5X, <2

2%, +X, +X; —2X, >1

3%, +4X, 5%, +X, =17

X3 % =20,X, €], X,; % <0

Tuong tu cd@p bai toan sau day duoc goi 1a cap bai toan ddi ngﬁu.
Bai toan (P):

x)=Zn:cjxj =(c, X) - max

Zallxl < b ) (1)

2.2% b (iel,) (2)

=t

Zau, b (iel) (3)

ijo (ied) (4)
<0 (jed) )
X; €l (jEJs) (6)

Bai toan (Q):

m

Zb,yI (b, y) — min

Yi 20 ('e 1) (r)
y; <0 (iel,) (2)
y, €l (ie|3) (3')

leaijyi >c¢; (jed,) (4)

2y <c; (jed,) (5)

i=1



Za.,y. =¢; (ieJ;) (6)

2.4.2. Mbi quan hé giira bai toan géc va bai toan ddi ngiu
Dinh 1y 1. Néu c4 hai bai toan goc va dbi ngau deu c6 tap phuong an khong rong thi ca
hai bai toan déu c6 phuong an tdi uu va gia tri tdi wu ctia cac ham muc tiéu 1a bang nhau.

Dinh 1y 2. (Pinh 1y d0 1éch bu ) Céc phuong an X, y ctia bai toan gdc va d6i ngiu déu la
phuong 4an t6i wu didu kién can va du 1a <b — AX, §> = <c - yA, §> =0 hodc tuong duong

> (ey=(W.3))x =0
> (0-(A)) -

Trong d6 A, Al theo thi tu 1a vecto dong thir i va cot thir j ctia ma tran A. Hé cudi cung

¢6 thé viét ro hon nhu sau:

(b Za” JJ =0 i=1m

(Cj—ZauVaJXFO j=1n
i=1
Vi du. Bai toan QHTT
f (X) =% —2X%, + 2%, —> min
X, + X, +4x,=6
2X, + X, +5X,=8
X; 20,j:1,_4

C6 phuong 4n t6i wu 1a x=(2,4,0,0) va gia trj tdi wu 1a -6. Tim phuong 4n t6i wu ciia bai

toan ddi ngiu.
Cht y. Qua viéc giai mot so hé phuong trinh trén ta thay rang hé phuong trinh

(b Za” JJ =0 i=1m

(Cj —Zaijyinj =0 j=1

-1
Néu c6 mét thira s0 khéc khong thi thira s6 con lai phai bang khong. ‘
Dinh 1y 3. Cho bai toan gdc dang chinh tac (P). Bai toan goc (P) da gidi bang phuong
phap don hinh va da xuat hién dau hiéu téi uu. Phuong 4n t6i wvu X tim duge ¢ co sé
lién két gdbm m vecto A', A%,..., A" ( m vecto ndy xuat phat tir ma trdn A hay trong bang

don hinh dau) . Khi d6 phuong an tdi uu ctia bai toan ddi ngéu §/ dugc tim theo cong



, N -1 ’ \ , , \ X , 5 , A
thoe y =cB™ , trong d6 ¢ la vecto c6 cac thanh phan ¢; tuong (mg cta phuong an t6i uu

o \ A r AL 1N 7 1 2
X, B 1a ma tran co cac cOt 1a cac vecto A, A,...,A".

Vi du. Cho bai toan QHTT (P)
f (X)=2x —3X%, +4X; + X, > max

—X, +3%X;+X,<1

X, + X, +3X%, =25
2X, +X; +5%,<16
X >0,j=14

Giai bai toan (P) bang phwong phap don hinh, tim phuong 4n t6i wu cia bai toan dbi
ngau.
Dinh Iy 4. Gia sat A, A% ..., Al |4 co s¢ don vi lién két ctia phuong an cuc bién xuat
phat ctia bai toan gc dang chinh tic. Khi d6 phuong an t6i wu ciia bai toan dbi ngau c6
thé tinh theo cong thuc: y = (Ajl +CJ_1,AJ-2 +C, ""’Aim +C ) , trong do Ajl'Aiz’Ajm lag
cac uGe lugng twong tng voi cac cot Ak, A% ... Al xuét hién & bang don hinh cudi cung
khi da c6 dau higu toi wu va ¢, ¢, ,c; la caché sb cua X, ,X; ,X; .
2.4.3. Thuit toin don hinh d6i ngiu
Xét bai toan goc dang chinh tac va bai toan doi ngau cua no

f(x)=(c,x) - min

Ax=b (P)

x>0

g(y)=(b,y)— max

yA<c Q)
yell

Dinh nghia. Gia sir hé vecto A', A%,..., A" doc 1ap tuyén tinh. Khi d6 néu co phuong éngl
cua bai toan dbi ngﬁu thoa <Aj,§> =Cj, j :1,_m thi he A", A?,..., A" duoc goi la co s&
d6i ngau chap nhan duoc.

Dinh nghia. Vi phuong an cuc bién y noéi ¢ dinh nghia 1, ta goi vecto X = (XO , 0) trong
d6 x° =B™'b 1a gia phuong an cua bai toan gc.

Dinh 1y. Néu X’ =B ™0 = (X, Xy0,---» Xno ) 2 0 thi 'y 1a phuong én tdi wu clia bai toan ddi
nglu va X = (XO : 0) 1a phuong an ti wu cua bai toan gdc.

Thuét toan don hinh dbi ngau.

Ta gia str bai todn dang chinh tac goc cé san mot co s don vi 1a co s& doi ngau chap

nhan dugc. Lap bang don hinh nhu bang don hinh gdc. Thuat toan don hinh d6i ngau
duoc thuc hi¢n qua mot s6 budce sau.



1) Sau khi da lap bang don hinh ta tinh A; =(c®,x))—c;, j=1m va (c®,x"). Ky
higu x! = Al
2) Néu x>0 thi x= (Xo : O) 1a phuong 4n t6i wu cta bai toan gbe va dan dén
y =cB™ 1 phuong 4n ti wu cta bai toan dbi ngiu.
Néu t6n tai chi sb i sao cho x,, <0, X; 20, j —1,n thi bai toan d6i ngiu khong bi
chan trén, khi d6 bai toan gdc co tdp phuong an bang rong. Két thuc thuat toan.
3) Nguoc lai véi bude 2 chon x,, =min{x, <0:i=1,m}, A° bi logi ra khéi co so.

A. _
Chon € =min {—’: Xy < 0;j=1, n} = ﬂ ,vecto A* duoc dua vao thay cho A°
Xsk

5]
4) Bién d6i bang don hinh. Bién dbi cot k thanh vecto don vi nhu A°
5) Kiém tra tinh t0i vu cua gia phuong 4n m&i nhu budge 2.
Vi du. Dung thuat toan don hinh d6i ngau giai bai toan
f (X) =X, +2X, +3x, +4x, —> max
X, + X, + X, +4X,>6
4% + X, + X +X, =9
x;20,j=14
2.4.4. Y nghia ciia cip bai toan d6i ngiu
- Khi giai bai toan dang f(x)=(c,x) — min
Ax=b;x>0
Trong d6 ¢; >0, V] thi giai bai toan d6i ngau don gian hon
- - Gid str da gidi xong bai toan f(x)=(c,x) —> min
Ax=b;x>0
- Bang thuat toan don hinh dbi ngau va thu duoc phwong an tbi wu X = (XO : 0)
= (X091 X011+ X9+ 0,...,0) . Khi d6 néu can phai giai bai toan f(x)=(c,x) — min
Ax =Db';x >0 thi khong can giai tir ddu ma chi can tinh X_0 =B™'b’ trong d6 B 1a ma
trn co cac cot la cac vecto 1ap thanh tir co so d6i ngiu chip nhan dugc ¢ bang don
hinh cu6i cung.
Vidu. Gidi bai toan  f (X) =X, +2X, +3X; +4x, = min
=X, =X, =X —4X, + X, =—6
—4X, =X, = X3 =X, + X =—9
X;20,j=16

Tir d6 tim phuong 4n i wu cta bai todn f (X) =X, +2X, +3X, +4x, —> min



=X, =X, =X —4X, + X, =7
—AX, =X, = X3 — X, + Xg =12

X;20,j=16

Chuong 3. Bai toan van tai

3. 1. Phat biéu bai toan- Sy ton tai nghiém toi wu

3.1.1. Phat biéu bai toan

Comdiadiém A, A,,..., A, cung san xuat mot loai hang hoa voi cac luong hang tuong

ung la a;,a,,...,a,. Co nnot tiéu thu loai hang 46 B,,B,,..., B, voi cac yéu cau tuong Gng

la b,b,,....b,. Goi

A 13 diém phati,i=1,m

Hang c6 thé cho tir mot diém phat bat ki i dén mot diém thu bat ky j.

Ky hi€u: ¢;- chi phi chuyén ché mot don vi hang tir diém phat i dén di€m thu j.

X; - luong hang chuyén cho tur diém phat i dén diém thu j.

Bai toan: Xdc dinh nhitng dai lugng X; cho moi con dudng (i, j) sao cho tong chi phi

chuyén ché 1a nhé nhat véi gia thiét 1a: Mdi diém phat i thi phat hét hang hoa, mdi diém
m n

thu j thi thda man nhu cau véi diéu kién sau: Z a, = ij
i=1 j=1

Dang toan hoc cuia bai toan van tai la:

Ezzzc”x — min (1.1

i=1 j=1

3.1.2. Su ton tai nghiém tdi uvu

Dinh 1y. Bai toan van tai c6 diéu kién can bang thu phat thi c6 phuong an t6i uru.
3.2. Dang bang ciia bai toan van tai va diéu kién tdi uvu

3.2.1. Dang bang cta bai toan van tai

Bai toan vin tai co thé cho dudi dang bang sau day

Thu b, b, b; b,
Phat
& X X Cip
a'2 CZn
X X




a

m

Néu cac 6 (i, J) ta ghi cudc phi thi goi 1a bang cudc phi hay ma tran cude phi. Néu cac 6
(i, j) ta luong hang van chuyén thi goi 1a bang phuong én hay ma trin phuong 4n.

Dinh nghia. Ta goi mot dudng di la tap hop cac 6 cua bang sao cho cir hai 6 lién tiép thi
nam trén cung mot dong hay mot cot; va mot dong hay mét cot khong chira qué hai 6.
Mot duong di khép kin dugc goi 1a mot chu trinh.

Dinh Iy. Tép hop cac 6 nao do trong bang van tai khong chira chu trinh khi va chi khi h¢
vecto lién két véi n6d doc 1ap tuyén tinh.

H¢ qua. Mot bang van tai c6 m dong, n cdt thi tap 6 khong chira chu trinh ¢6 t6i da 1a
m+n-1 0.

Dinh Iy 2. Mot bang van tai c6 m dong n cdt. Cho E 1a tap gom m+n-1 6 khong chira chu
trinh, 0 (i, j) e E . Khidé thphop F={ (i, j) }UE c6 chira duy nhat mot chu trinh
quad (i, j).

Dinh Iy 3. Mot bang van tai c6 m dong, n cdt. Néu tap F g@)m m+n 0 c6 chira duy nhét
mot chu trinh qua 6 (i, j) . Khi d6 néu ta loai 6 (i, j) nay ra khoi tap F thi cac 6 com lai

s€ khong chtra chu trinh.

Binh nghia. Gia st X =Xy, ooy Xins Xogs Xp100s Xonseees Xty Xpnproes Xy ) 12 MOt phuong an
clia bai toan vén tai. Khi d6 néu x; >0 thitandio (i, j) la 6 chon. Nguoc lai ta goi la 6
loai.

Binh Iy 4. Phuong an X = (X3, Xy, -0 Xigs Xog1 Xa s eves Xogseoos Xgs X eo01 Xy ) 12 MOt phurong

an cuc bién cua bai toan van tai khi va chi khi tp cac 6 chon tuong trng v61 nd khong
chtra chu trinh.
Vi du. Xét bai toan van tai cho bdi bang sau

30 40 50 60
80 1 5 7 2
30 50
45 5 7 4 9
35 10
55 12 2 3 6
40 15

Khi d6 x =(30,0,0,50,0,0,35,10,0,40,15,0) la mot phuong 4n . Biéu dién phuong 4n

nay trén bang van tai

30 40 50 60




80 1
30 50
45 5
35 10
55 12
40 15

Heé vécto tuong tng véi no 1a A1, AT, A3, A%, A32, A33. Hé vécto nay doc 1ap tuyén
tinh. Suy ra phuong an x la phuong an cuc bién. Cac 6 chon la cac 6 danh dau x khong
chtra chu trinh.

X

X

X

X

X

X

3.2.2. Piéu kién tdi wu ciia mdt phwong an cuc bién

Gia str c6 san mot phuong an cuc bién x = (x; ii= 1,m; j = 1,n va phuong an nay c6
n+m-1 thanh phan duong. Ki hi¢u E = {(i, ): Xij > 0} 1a tap hop céc 6 chon.

F = E U {(i,j)} chira duy nhat mot chu trinh V qua 6 (i, j). Bét dau tir 6 (i, j) ta danh s6
thir tu cac 6 thudc V.

Pinh 1y. Ky hiéu VE, VC 1an luot 13 tap hop cac 6 thude V ¢6 s6 thi ty 16 va s thir ti
chén. Khi d6 Ajj= X jeve Cij - A jevt Cij » trong d6 ¢; la cude phi van chuyén mot
don vi hang ho4 tir kho i d&én noi nhén j. )

Vi du. Xét lai vi du trén va phuong an cuc bién da biét

30 40 50 60
80 1
30 50
45 5
35 10
55 12
40 15

Tinh A;,. B6 sung 6 (1, 2) vao cac 6 chon ta c6 duy nhat mot chu trinh. Panh sb thi tu
1,2,3,4,5,6 cac 6 trong chu trinh nay
vt ={(1,2); (24 (33)} VE = {(1,4); (2,3); (32)}

Cij = (C1a + 23 + C32) — (€12 + 24 + €33) = =9
(iL.pevt

A= Z Cij —
(iLjeve

Dinh ly. Cho bai toan van tai c6 ma tran cudc phi ¢ = (Ci j)izl,m. Néu ta thay ma tran
j=1n

cude phi ndy bang ma trén cude phi ¢’ = ('), ¢'ij = ¢;j + 1 + s, (lugng hang & kho

thu phét van giit nguyén ) thi hai bai toan van tai nay c6 cuing phuong 4n t6i wu.



Phwong phdp quy khéng cuede phi é chon. Cong vao dong i s 1; va cot j sb s;j sa0 cho cac
6 chon ¢ cude phi bang 0. Khi d6 A= —c'j.
Vi du. Xét lai vi du trén va phuong an cuc bién da biét

30 40 50 60
80 1 5 7 2
30 50
45 5 7 4 9
35 10
55 12 2 3 6
40 15

Cac 6 chon la cac 6 danh dau x.

1 5 7 2
X X
5 7 4 9
X X
12 2 3 6
X X

Ta cong vao dong i s0 s0 7; va ¢dt j sO s; sao cho cdc 6 chon c6 cudce phi bang 0

1 5 7 2
X X | rp,=0
5 7 4 9
X X | rp=-7
12 2 3 6
X X 3 =-6
s; =-1 S, =4 53=3 Sy =-2

Ma tran cudc phi méi la

0 9 10 0
X X
-3 4 0 0
X X
5 0 0 -2
X X

Khi d6 cac A;j= —c;; trong d6 c/; ¢ bang trén



Dinh Iy. Gia st x = (x;;) la mot phuong an cuc bién cua bai todn vén tdi véi tap cac 6
chon1a E, va c';; = 0,V(i,j) € E ( nghia la sau khi dd quy khong cudc phi cac 6 chon).
Taco

a) Néuc'; ;= 0,V(i,j) € E thi phuong 4n da cho la phuong 4n t6i .

b) Néuton tai (i,j) € E : c'; 7 <Othitaco thé tim duoc mot phuong an méi
x'=(x'yj) t6t hon phuong an x = (x;;). Phuong 4n cyc bién x’ = (x';;) duoc
xdy dung nhu sau:

- Timmot 6 (i,j) € E sao cho cude phi ¢’;; < 0nho nhat.

- Tapcacd F = E U {(i,j)} c6 chira mot chu trinh V duy nhat qua & (i, j). Panh sb
thir ty cac 6 thude V, bét dau tir 6 (i, ) theo mot chiéu nao d6. Ki higu V-, VE lan
luot 1a tap hop cac 6 thudc V ¢o6 so thar tu 1€ va so thir tu chan.

- Ditx;;+ = min{(x;: (i, j)) € VC}. Goi x;+j+ 1a lugng hang diéu chinh.

Xij + Xixj* voi (l,]) € VL

- xl-j= xij—xl-*j* vé&i (i,j)EVC

3.3. Thuat toan quy khong cwée phi 6 chon
Budc 1. Thanh 1ap mot phuong an ban dau , s6 6 chon 12 m+n-1
Budc 2. Quy khong cude phi 6 chon. Néu cac 6 loai ¢6 cude phi khong 4m thi phuong n
dang xét 1a phuong an t6i wu. Két thac thuat toan. Nguoc lai ¢6 6 loai ¢6 cude phi am thi
ta qua buoc 3.
Budce 3. Xay dung phuong an mai.
Budc 4. Quay vé budc 2
Céch thanh 1ap phuong 4n ban dau. ( phuong an cyc tiéu ) Phan phéi lugng hang nhiéu
nhat vao 6 c6 cude phi nhé nhat. Khi d6 sé xay ra hai truong hop sau:
- Noi nhé@n nao da du hang thi ta xoé cdt c6 noi nhan d6 di va ghi nhan
lugng hang thtra & noi phat.
- Noi ndo phat du hét hang thi ta xo4 dong ¢ noi phat d6 di va ghi nhé
luong hang thiéu ¢ noi nhan.
Vi du. Gidi bai toan van tai cho boi bang van tai sau

30 40 50 60
80 1 5 7 2
45 5 7 4 9
55 12 2 3 6

Giai.
Budc 1. Thanh lap mot phuong an ban dau. Phan phéi lwong hang nhiéu nhat vao 6 ¢6
cudce phi nhd nhat ta dugc phuong an ban dau



30 40 50 60
80 1 5 7 2
30 50
45 5 7 4 9
35 10
55 12 2 3 6
40 15

Budc 2. Quy khong cude phi cac 6 chon.

Ta cong vao dong 1 86 s0 1; va ¢dt j s0 s; sao cho cac 6 chon ¢6 cude phi bang 0.

1 5 7 2
X X =0
5 7 4 9
X X r,=-7
12 2 3 6
X X 3 =—6
51 = _1 52 =4 53 = 3 54_ = _2

Ma tran cudc phi cua bai toan méi la

0 9 10 0
X X
-3 4 0 0
X X
5 0 0 -2
X X

Chung té phuong an nay chua tdi wu., vi con ¢6 6 cude phi am

Budce 3. Xay dung phuong an mai

B& sung 6 (2,1) ¢6 cude phi 4m nhé nhit vao tap hop cac 6 chon E, ta duge mot chu trinh
V duy nhét (2,1); (2,4); (1,4); (1,1). vt = (2,1);(1,4) ; V¢ = (1,1); (2,4)

Luong hang ¢ cac 6 1¢é 1a x,; = 0; x4 = 50.

Luong hang cac 6 chan 1a x;; = 30; x,, = 10

Luong hang diéu chinh x;-j+ = min{(x;;: (i,j) € V¢}=min{10,30} = 10

Ta c6 phuong &n méi

20 60

10 35




12 2 3 6
40 15

Budc 4. Xem day 1a mot phuong an ban déu, ta quay lai bude 2, quy khong cude phi cac
0 chon. )
Cac 6 chon la cac 6 c6 danh dau x.

1 5 7 2
X X
5 7 4 9
X X
12 2 3 6
X X

Ta cong vao dong i s0 s0 7; va ¢dt j sO s; sao cho cac 6 chon c6 cude phi bang 0.

1 5 7 2
X X =0
5 7 4 9
X X rn, =—4
12 2 3 6
X X 3 =-3
s =-1 s, =1 s3=0 Sy = —2

0 6 7 0
X X
0 4 0 3
X X
8 0 0 1
X X

Tat ca cac 6 déu co cudc phi khéng am. Vay phuong an tdi wu 1a x =
(20,0,0,60,10,0,35,0,0,40,15,0). Cudc phi phai trala f = 1.20 + 2.60 + 5.10 + 4.35 +
2.40 + 3.15 = 455.



