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L&i ndi diu va muc luc 3

LOINOI PAU

Phuong phép tinh }a mon todn chuyén d€ danh cho khéi k¥ thuit nhung
sinh vién khoi kinh t€ ¢6 thé tham khio thém mdn hoc ndy nhu 13 mén
hoc nhiém y, néu nhur di hoc xong cdc mén: xdc suat théng ké ciing nhu
qui hoach tuyén tinh. Péy la sdch gido khoa diing song song vdi cudn bai
tdp, ngdn hang ciu hdi thi tw ludn va ti€u ludn cia cing tic gia

Vi diy 1a mén hoc tinh todn, nén nhém tic gid mudn truyén tai
dén sinh vién theo diing tinh thin thuat todn (algorithm), va 14y excel lam
cong cu chinh dé€ cai dat thuit todn, vi bin chit cia excel duge thiét k&
m6t cdch hoan my theo cdu triic con trd tuy€n tinh theo chidu ngang cling
nhu chiéu doc, rat phi hgp vdi cdc algorithm cda phudng phdp tinh, hon
nita excel (ludn ¢6 trong bo Microsoft Office) thi qua phd bién déi véi
sinh vién. Hau hét cdc két qui trong sdch déu dude gai céng thic theo
phuong thic trén, va sau d6 1a ky thuit kéo tha chudt dé ra cic bing két
qué. T4t nhién mot s& két qua qiia mém va nhay cdm thi doi hdi ta phai
lap trinh bang Matlab hay VB.

Sich chia lam 8 chudng, chuong 1, sinh vién tu doc, cdc chudng
con lai, sinh vién cin nhd cdc cong thic, va cdc budc thuit todn, dé kiém
tra lai cdc k€t qua trong sdch, bang cdch dung excel hay mdy tinh 570MS.
Chuong 3, 4, 5, 6, 7, 8 ¢ mot s6 bai todn mé réng danh cho sinh vién gidi
mudn nghién ciu thém hay d€ lam ti€u luan.

Tdc gid rdt cdm on Thay TS.Hié¢u Trudng Ta Xuan Té, Ngai da
khich 1& va dong vién cung tit ca nhitng cao kién déng gép quy bdu cho
lin xudt bdn tip sdch ndy, kip ra mat doc gid trong nim hoc mdi 2009-
2010, mong rang doc gid ciing nhiét tinh gép ¥ phé binh dé cudn sdch

ngdy mot hoan thién hon.

Tp.HCM, ngay 01 thing 04 nam 2009
Tién Si: Nguyén Phi Vinh
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Chugne 1: S6 xap xi va sai s6 5

CHUGONG 1
SO XAP XI VA SAISO

§1. SO XAP Xi, SAT SO TUYET POI VA TUONG POI
1.1S6xdpxi , _

‘Né6i chung, gid tri clia cdc dai lugng ding trong tinh todn khong dudc
bi€t mot cdch chinh xdc. Chéng han: gid tri cda cdc dai lugng nhin dugc
bang phép do, bang thi nghiém; gi4 tri cda cdc s6 hitu ty 1/3, 1/7, 20/3, ...;
gid tri clia cdc s6 vO ty e, 7, V2 , . V1 vlly trong tinh todn, ching ta lam
viéc chil y&u v6i gid tri xap xi (con goi 12 gid tri gin ding) cha cdc dai
lugng. _

Dinh nghia 1.1 a goi 12 s6 xap xi cla s6 ding A, ky hi¢u a= A, n€u a
khdc A khong déng ké va dudc ding thay cho A trong tinh todn.

Néu a<A thi a goi 12 x&p xi thi€u cla A. N&€u a>A thi a goi 1a x4p xi
thira cia A.

Thi du 1.1. D6i véi s§ 7 thi 3,14 12 x4p xi thi€u cda &, cdn 3,15 1a
x4p xi thita cda 7, vi d& dang thdy rang

3,14 < 7 < 3.15.
1.2 Sai sd tuyét dai

DBinh nghia 1.2 Hiéu Aa= A—a (hoac Aa=a— A) goi 13 sai s6 clia

xap xi a. Tri tuyét doi: . °
A=|Aa|=| A-a]| (1.1)

Goi 12 sai sd tuyét d&i clia s6 x4p xi a.

Thong thuting, khong biét s& ddng A, do d6 khdng xdc dinh dugc sai
sO tuyét d6i cla so x4p xi a. Vi vdy, ciing vdi khéi niém sai s6 tuyét d6i
ngudi ta dua ra khéi niém sai s8 tuyét ddi gi6i han.

Dinh nghia 1.3 Sai sd tuyét doi gidi han cla s3 xap x{ a 1a s6 khdng
nhé hon sai sd tuyét doi cta s6 xdp xi a.

- Do d6, néu goi A, 1a sai s& tuyét d6i gidi han cia s§ xap xi a thi:
A=|AlH A-aK A, (1.2)

Tir d6, suy ra: _ _
' a-A,<A<a+A, (1.3)

Viy a—A, 13 x4p xi thigu cla A, con a+A, la xdp xi thirta cha A. bé
don gidn, thudng qui udc viét (1.3) dudi dang.
A=atA, ' (1.4)
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Thi du 1.2 X4c dinh sai s6 tuyét ddi gidi han cla s6 xap xi a=3,14 thay
chosé 7.
Gidi.
Vi: 3,14 < 7 < 3,15 nén: _
la—7|<0,01
va ¢6 thé chon A, =0,01.
Néu chd ¥ rang: 3,14 < 7 < 3,142 thi
la—7|< 0,002
Vi do d6 nhén gid tri tot hon A, =0,002; ..

Qua thi du trén, thdy rang dinh nghia sai s& tuyét d&i gidi han khong
don tri: sai s& tuyét ddi gi6i han ciia s6 xap xi a 12 s& bat ky trong tip vo
han cdc s6 khong 4m A, thda mdn (1.2). Vi viy, trong thuc hanh, ngudi
ta thudng chon A, 13 s6 nhd nhit c6 thé dudc, thda mén (1.2).

1.3 Sai s6 tuong doi

Sai s0 tuyét doi hoac sai s6 tuyét doi gidi han khong thé hién mot céch
ddy di mic do chinh xdc clia phép do hoac .tinh todn. Chang han, do
chiéu dai-hai cdi truc, nhian dudc nhitng k€t qué sau:

I, =112,25¢m + 0,1cm
=7,3cm+* 0,1cm

Tuy sai s6 tuyét ddi gidi han cda hai phép do trén bang nhau nhung rd
rang phép do /; chinh xdc hon phép do ;. D€ thé hién diéu d6 ngudi ta
dua vao nhitng khédi niém sau:

Pinh nghia 1.4 Sai s& tudng ddi cla sd xap xi a, ky hiéu 4, la:

5= A |A a (1.5)
|A] | A]

Vi gid thi€t A#0. T ds: A=|A|5.
Pinh nghia 1.5 Sai s6 tuong d6i cia s6 xap xi a, ky hiéu &, 1a s8

khong nhd hon sai s8 twong ddi cda sé x4p xi a. Do dé:

5§<68, (1.6)

A
nghia 1a — <0
£ A o
T d6: A<| A|-8, va c6 thé chon:

A, = A4, 1.7
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Vi thong thudng khong biét s6 ding A cho nén trong thyc hanh, thay
cho (1.7), ngudi ta thudng ding cdng thic: :
A, =lal|d, (1.8)

Chi y rimg sai sO tuyét d6i va sai s6 tudng doi gi(’ji han cé cung thit
nguyén vdi s6 xap xi, con sai s& tu‘dng ddi va sai sO tuong doi gidi han
khdng c6 thit nguyén.

Thay (1.8) vao (1.4), ta cé:

A=a(1+4,) (1.9)

Trd lai k&t qué phép do chibu dai clia hai céi truc néu trén, dé thay
rang sai s6 twong ddi gidi han clia phép do I, nhG hon sai s8 tuong doi
gidi han cia phép do I,.

§2 CACH VIET SO XAP XI
2.1 Chil s6 ¢6 nghia

Mot s6 viet & dang thép phan ¢6 thé gdm nhiéu chi¥ s6. Chang han
20,25 c6 4 chir s8; 0,03047 c6 6 chif s6.

Pinh nghia 1.6 Nhing chit s8 c6 nghia ctia mot s6 13 nhiing chif s6
clia s6 d6 k& tir chit s6 khdc khong ddu tién tinh tir trdi sang phdi.

Thi du 1.3 S8 20,25 c6 4 chir s8 c6 nghia. S8 0, 03047 ciing c6 4 chit
s c6 nghia.
2.2 Chif sd ddng tin :

Biét rang moi s6 thyc a c6 thé bi€u dién dudi dang thdp phén hitu han
hoac v6 han:

a=+(2, 10" +a,_ (10" +a,_,1

m—n+1
+ a1 10 )

02 +
(1.10)

Trong d6 m 13 s6 nguyén, 0<a; <9 (i=m-1,m-2,..),08, <9.
Chang han: | |
324,59 = 3102 + 210! +4-10° + 51071 + 91072
Bay gid, gid sk s a bi€u dién dudi dang (1.10) Ia s0 xdp xi clia s0
diing A vdi sai s8 tuyét doi gidi han la A,.
Dinh nghia 1.7 Trong (1.10), chif 8 &,_,+1 g0i 1a chif s6 ddng tin

néu:
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_ |
A, 5?10'" ntl (1.11)

va goi 1a chit s& nghi ng& néu:

A, >; 1gm—n+l (1.12)

Thi du 1.4 S6 x4p xi a=3,7284 véi A, =0,0047 c6 3 chit s6 déng tin
2 3,7, 2 va hai chi¥ s6 nghi ngd d6 12 8, 4. |

RO rang néu @,,_,, 12 chit s6 dang tin thi nhitng chi¥ s6 § bén trii n6
cling 1a nhitng chit s6 déng tin, néu ¢,,_,,.1 12 chif s6 nghi ngd thi nhing
chit s& bén phii né ciing 12 nhitng chif s8 nghi ngd. |

2.3 Cdch viét sé xap xi

Cho s& xdp xi a clia s& ding A véi sai s6 tuyét doi gidi hanla A,. Co6
hai cdch vi€t s6 xdp xi: ,

Cdch thit nhdt 12 viét s xap xi a k&m theo sai s6 tuyét doi gidi han:
atA,, chang han 17,358 +0,003. Cich nay thudng dvdc diing dé biéu
di€n két qué cda phép tinh todn hoac phép do.

Cdch thit hai 13 viét s6 x4p xi a theo qui wdc: moi chit s6 c6 nghia
dbng thdi 13 nhig chit s6 d4ng tin. Piéu dé c6 nghia 14 sai s tuyét doi
giéi han A, khong 16n hon mdt nita don vi cla chif s6'd hang cubi ciing
bén phdi. Chang han a=23,54 thi A 5(1/2)-10_2. Trong cdc bing s6

thudng dung nhu bang 16garit, bing cdc him s6 lugng gidc, ... ngudi ta viét
cdc sO xap xi theo cdch thif hai

~ ~ . ~ a

§3. SU QUY TRON SO VA SAI SO QUY TRON |

Khi ti€n hinh tinh todn, néu s6 a ¢6 quéd nhiéu chir s6, khong tién cho
viéc tinh to4n hoac khong ghi h€t dugc vio mdy tinh, ngudi ta phdi bd di
mot vai chit s6 & cudi va nhin duge s& ;. Viéc 1am d6 1 sy quy tron sd.
Tri tuyét d3i cla hiéu @y —a goi 12 sai s§ quy tron tuyét doi, ky hiéu la

9‘,] =] al —a | 7

Quy tac quy trdn s8 thudng duge ding nham ddm bao cho sai sd quy
tron tuyét ddi khdng 16n hon mdt nita don vi cda chif s6 § hang gilf lai
cudi cling bén phai. Piéu d6 c6 nghia 1a: néu chif s& bé di dau tién 25 thi
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thém vao chir s& giif lai cufi cdng bén phél mot don vi; né'u chir 56' bé di
<5 thi d& nguyén chit s& glﬁ' lai cuﬁn cing bé&n phai. ‘

~ Thidul.5 Quytrdns§ x= 3 1415926635 dén.chif s6 c6 nghia thu’ .
5, thit 4 va thdt 3, nhan dugc céc 36' xdp xi 3,1416; 3, 142 3,14 v6i sai s6

 quy trdn tuy@t d6i khong 1on hon 7 Lo, ;-10‘-" s Ljo2.
Biy gid gid sta Iy s8 xdp xi cla s6 ding A vdi sai s6 tuyét ddi gldl
~han A, . Ta quy trdn 56 a thinh a; . Khi d6, ta c6:
|A—aj|[-|A-a+a—a|
S|A-a|+|ay—-als A, +Ba

Vay c6 thé chon sai 88 tuyét d6i gidi han A clia s6 dd quy trdn a
- 1a: , | '

A =A a+6, | |
| Do dé: A >4, vaco thé xay ra trudng hop mGt chﬂ' 86 ] m6t hang

nao d6 vén 1a dﬁng tin, sau khi quy tron lai trd nén nghi ngd |
hidu 1.6 Cho a=0,35; A, =0,003. Khid6 3 va 5 lﬁ nhﬁ‘ng chﬁ'sd

déng tin. Sau khi quy trbn thanh a; =0, 4, ta c6

Ay =8, +6, 0003+005 0,053>> 10"

Viy chit 584 trong ﬂf J& chit s§ ngh1 ngd. Trong tnrbng hgp nay hoac
ngudi ta khﬁng quy. trdn nifa hoac quy tron nhu‘ng vxét 56' aa quy tron a;

du6i dang sau:
=0,410,052

(nghia 13 sﬁ' xé’p xi al “duge v1ét theo céch tha nhﬁ't)

§46 XAC DINH SAI s6 cﬁA HAM s BIET SAI s(i cl’JA CAC 10)
S .
4.1 Céng thiic téng quat cla sai s6¢
* Cho hdm s§ kha vi:

“ f(xlvxZ! sxn) )
v gui si’r blé't sai s6 tuyét dﬁ': gidi han A, (i =1 n) cla cdc d6i s6 X;

(i=1n), hﬁy xéc dinh sai s8 tuygt ddi gldl han A va sai sﬁ' tu’ong déi-.
gidi han 5 ctia him 6 u. S



GOI U 14 gié tri dung cla s6 x4p xi u, X; 1a glé tri dung cua 56' xap

: xi x;(:=ln),tac6 o
_|U “I“lAu‘I""I,‘f"\(_X]’.XZ\'---,Xn)-f(-_tlaxb--_-,xnn .

e of . 5 , .
sulst), = (X;—~x;) = ' . (1.13)
i=zl- dx; T | o
): ¥ ks 312 a5 2
axi i=1 axi o .axf ' x'
Viy c6 thé lay |
: Bf 3u o
A, =Y 1A, . (1.14)
l"“l x, i--:z; axi o

Chia hai v& cda (1.13) cho |u| nhﬁn dugc dénh gui sau d6| vdl sai 56
twong d6i ciia hém s6 u:

-'I__ :
|A"| 1ax; \ 3

[l ;..21 u B = i axilnf(xlvxzs .,x_,, A,
Do 46: | |

5 El ax Ax, | : (115)

 Thidu 1.7.- Tinh sai s6 tuyet d6i gi6i han va sai s8 wong d6i gidi han
- ‘cla thé tch hih chu V= =(1/6)rd>, biét dudng kinh
d= 3,70cm £0,05cm va 7 =3,14. : -

Gidi.
Xemu‘vhd 1a nhﬁ'ngd6'1 sﬁ'cﬁa ham sd V , ta c6:
1 4 1,
— = ~d =--370 = 4422‘
or 6 ( y %
v _1 1

==xd®==3, 14 3,70 —214933 |
37 =T’
Dﬁngcéng thitc (1. 14) nhﬁn duqc '

%—\A‘ BaV Ad =8,4422-0,0016+ 21, 4933-0 005

=1,0882

Ay’
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‘.Dodd:.V=% d® =26,5084cm> +1,0882em® va: - ¢

1,0882 _ 0,04105=4,1%
26,5084 -

. 4.2 Sai s& ctia tdng dgi s§’
- Xétham s6: - |
, - d=:l:x1:l:xzi"f Ex,

Ap dung cong thic (1.14), nhin du'c!c N B
Ay =By A +i+Ay - (L16)

TD’dé:
. A' A, +sz+ +A _
5,=—"L= (1.17)
E el :
Chii y vé sai s& ciia higu. Xét him s6:
’ u-xl-xz :
© v6i x; > 0,xy >0 12 hai s6 xdp xi. Khi d6, theo(l 16)va(1 17), ¢6:
A, =8y +A,, _‘ - (1.18)
va = |
. Ay +A L
=1 % o - (1.19)
‘Ixz""le o : | -

Vi vay can dac blet Iuu ¥ hién ttrclng mit chinh xéc khi trn’ hai s8: néu hai
s6 xp xi x; V2 x3 (x>0, x;>0) c6 gid trf gdn bing nhau thi™
| x; — X, | s& nhé; ti¥ (1.19) d& thﬁ'y rﬁng sai sﬁ' tmmg 66'1 gldl han cﬁa s6
. triY va clia 56 bi triY vin nhd. |
Th{ du 1.8 Hdy tinh hiéu cia hai s8 xﬁ'p xi v1e't theo cdch thi ha1

_x, =47,132 v x;. =47, lll vh xéc dmh sa1 sﬁ' tl.rdng dﬁ'i gidi han cla x,
, cila X2 va cua hleu QoL -
- G'idi-

Ta c6

u= xl - X -47 132 47 lll=0,021

Theo (1 18), sai s6' tuyet dﬁ'l gidi han A dm;!c xﬁc dinh b(’n

_1 -3 1
A, Axl-i'sz--ilO +2

»

10" =0,001



. Dodshitu u=0,021 chi c6 hai chi¥ 56 ddng tin, con 1 Ta chit s nghi

‘ngd.
L Dhng (1 8) va (1.19) ta cé- _
' ‘ - 0,0005
,00001
5" 47,123 =0
0 0005
S ~ 0, 00001
x_z 4‘7 111 ,
0,001 -
= = 0,05
Ou 0,021

Nhu viy, sai s fudng doi gldl han cia hléu 16n hon sai s& twong déi

gi6i han cla s& bj triY va cia s& triY khoﬁng 5000 14n. Vi vy, khi tinh todn,

' ngudi ta c§ gdng trdnh phép trlr hai s8 duong c6 gid trj gdn bang nhau
| bang c4ch bié€n d8i bidu thitc cda hiéu (trong tru'ffng hgp ¢6 thé duqc)

Thidu L9 Tinh hléu :
u=2,01-42

Gt&i
" J2,01 =1,41774469...;V2 =1,41421356...

_' nén ta c6 thé xem

vdi ba chif 56 dﬁng tin.

Jz,olf-l,n-m;ﬁ =1,41421 va:
" u=1,41774-1,41421=0,00353
Cé th’e’ thu du’dc ké't qud trén ma chi cén 16y:

..{201-142J5=141 o

né'u viét hlcu u du’dx dang

(\/2 01—J") 2,01+J_) 2,012
T (BaeE) e
0,01 __0,01 0,01

= =0,00353
2,01 +J" 1424141 =2,83 ¢

T the du trén, rit ra quy tic thyc hinh nhyf sau: néu bat bude phéi tinh
hléu clia hai s8 duong c6 gi4 tri gin bang nhau, cin 16y s8 trif va s bi trir
nhléu chir s§ déng tin c§y d€ dy trit (n€u di€u d6 c6 thé 1am dugc). Chang
han. n&u biét ring khi tri hai s6. duong x; va xy, m chif s§ c6 nghia diu

; ti€n bi mdt va két qui cﬁn c6 n chif s dﬁng tin tln cén lﬁ'y x| V3 x3¢6
f m+n chﬁ'sé'déngtm | S :
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- 4.3 Sai 56 cda tich
Xét ham s6 ,
U=Xx1"Xy X,
Ap dung c6ng thic (1.15), nhén dugc: -
Oy =8y 40, 46, (1200

Tx a6 | ' _
A, =48, (121

Dac biét, néu u=x" (m nguyén du’dng) thi; o
o, mé’ ) (1.22)
4.4 Sai s& cha thddng' o S | R

Xétham s6 w=-1 (x, #0)
o *2 .
Ap dung céng thic (1.15), ta c6

8 =By, +65, y (123

T d6 o | |
A, =lulé, (1.24)

" BAITAP
. Khi x4c dinh hang s§ khi ciia khong khi, nhin dugc R =29,25. Hay

xéc dinh cdc gi6i han cia R biét sai s6 tuong d6i gxdl han cla gis
tri R1a1%. .

. Do trong lugng ctia l dm nuéc & 0°C nhin dudc:
p=999,847g£0,001g

Hiy xzic dinh sai s& tuong d6i gidi han clia phép do trén
. Cho:  a) a4 =1,3241; A, =0,45107%

b) a3 =0,5364; A,Z =0,51073

c) aj _0 1189 A,, =0,78107%
| Hay x4c dinh cdc chif s§ ddng tin trong al,az va a3
 Cho  a)ay =23,8541; &, .-o 31070
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b) @y =5,3442; 5, =0,1107
c) a3 =0,4795; &, =0,0005
Hay xdc dinh c4c chif s§ ddng tm trnng al,az va a3 L
5. Cho s6 e=2,718281828459045... Hiy quy trdn s& e dé'n chfi’ s@ c6
 nghia thou 13, tht 12 v thet 11 v2 xéc djnh sai s6 quy trdn tuydt
a6 B |
6. L&y a=2,718 thay cho s6 e.'Hay xéc dinh sai 36 wong 46 g'iai han
8. B |
7. Cén tinh V2 vdi bao nhiéu chir s6 thap phan 4€ sai 56 khﬁng Vit qué

0, 0002
.8. Cho s8 xip xI a=68,32 véi sai s6 tuong d5i gldx han lﬁ 0, l% Hay

 xdc dinh s8 chi¥ s§ ddng tin.cla s5 a. -
9. D€ xdc dinh mddun dan hdi (médun l{mg) E theo d& vbng cia thanh
- cat mat ngang hinh chit nhdt, ngudi ta dﬁng cong thuc:

Trong 46 - chléu dai cla. thanh a vi b-chiéu rong va chiéu dai cia.
mat cdt ngang cda thanh; s-dé vong; p-tai trong. Hay tinh sai 56 twong -
45i gidi han khi xdc dinh médun dan héi E, bi€t p=20kg,

5 -01/6, a=3mm 5 =l/o, b.=4flmm Oy =1%; 1=50cm,
O =1%; s=2, Scm A :1%, L | * - o
__l»O.r.Cho ham s6 u=lh(x=|=-r~ x%) ‘Hiy xéc d;nh glé tri cia ham sé’ u tai
" =0,97, x, =l,132 shl sﬁ' tuyét ddi gi6i han A, va sai s8 tuong
66'1 gidi han &, bxé't mal chil’ 56' 06 nghxa cﬁa x1 vixy 12 nhﬁ'ng s6

- d4ng tin. o Gy
11. Hiy tinh higu cﬁa hal sa' xﬁ" '*w@t. theo cdch tha hai: X =5,125;

X --S 135 va xac dinh sat sb' twéng 66“1 gxdt han cﬁa xl,xz va cﬁa:

hteu , ‘ L |
12. Hay tinh tich u cla hai o yal we’t tieo ¢éch the hai: *) =12,2;

¥y =73,56 va x4c dinh sp‘-' """j*_:;,gjaﬂan§ tin q:'u nch 5. ‘

13 Hﬁy tinh thu‘dng u=xyl; '

PR

=5735; %= =1,23"vi:¥
sﬁ' tuyet 661 gidi hau'A“ ﬂ.':" s




‘14, Hay xéc dmh sai 56' twong d6'1 gldl han 5‘,, sai <6 tuyet dﬁ'i gi6i han
A, v chir s6 déng tin cla canh a cla hinh vuﬁng, biét: dlén tich hinh

vu&ng s =16, 45cm véi Ag =0, 01.
de-sa' S H

1 Ag=0,03% 29,22SR$29,28 -

2. S,=10%% .
a5 B3 o2
4 a3 B3 o3 BRI
s 2,71828-1828459_ s;m"” -
2,71828182846; ;_;..1of1.1 '
2,7182818285; s-;'--lo"“."-'

6. &,=0,018%

.7. ftnh4t 5 chits8 thap phin.

8." a c6 hai chir sd ddng tin. -

9. &g =0,081=8,1%.

10. u=0,8;A, = 0,27-107%; ;8, =0, 33107

11. u=0,05;5, L= 0,01%;5,, = 0,01%:;3, ~—10%
12. u=897, 432 3, =0,0042; A ~3,8; u...397i4

~ (uc6haich@ts8ddngting - .
13, u=4,66;9, = 0,0042;A, = 0,02 R

14. a=J§ 4, 056cm-5-0 0003,A -o omz a c6 ba chi s6 dﬁng tin.
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. ° CHUONG2
| TINH GAN PUNG NGHIEM THUC CUA
PHUONG TRINH PAT sG VA SIEU VIET
'1.DAT VAN DE
Tim nghiém cida phudng trinh: | .
fx)=0 o “ N 1) '
‘Trong 46 f 12 mét-ham s8 dai s6 hoac su%u vxét bt ky 12 mdt bai todn

thudng gap trong ky thujt. Nhy 43 blé't, néu QD)1 phu'dng trinh dai s§
bic n:

aok +a1x Pl et @,_1X+a, = 0 (ag#90) (2.2)

vﬁr n =1 hodc n = 2, ta c6 cbng thic tinh nghlém cha ching mét cdch don
gidn. Ngu’r‘h ta cling tim ra nhifg cdng thic tinh nghi¢m ctia (2.2) khi

n =3 vi n = 4, nhung viéc s& dung chung kh4 phu’c tap. Con d6i v6i nhitng
phuong trinh dai s t¥ bic nim trd lén thl khong c6 ¢dng thdc tinh
nghiém. Hon nu’a d6i véi phurdng trinh siéu vigt dang (2.1) nhu': '

- cosx+1-5x=0

th1 khong ¢6 cbng thu’c tinh nghig¢m. Ngoax ra ta thudng gap tru'(‘mg hop
phuong trinh (2.1) chita cdc hé s8 chi biét mét c4ch gin ding, khi 46 viéc
xéc dinh chinh x4c nghiém cia (2.1) khong c6 § nghia. Vi vy, viéc tim
nhitng phuong phép gidi gdn ding phuong trinh dgi s va siéu viét cling
nhu viéc ddnh gid mdc d§ chinh xdc ciia nghigm gin ding fim dugc c6
mét vai trd quan trong.

Trong chudng ndy, ta xét v1éc tinh gﬁn dﬁng nghlem thyc cia phudng
trinh (2.1) véi gid thi€t ham s8 f(x) x4c dinh va lién tuc trong mft khodng
hifu han hoac v6 han. Mbi s6 thl,rc £ thod min: £(§) = 0 goi 12 nghiém thyc
cda phuong trinh (2.1) hoac khéng diém cia ham s6 f(x). Ta ciing gid
thi€t thém rang phuong trinh (2.1) chi c6 nghiém thyc cb l4p, nghia 12 véi
mdi nghiém thyc ciia phudng tinh (2.1) ton tai mbt mién 1&n cin khéng

- chifa nghiém thyc khéc cia phuong trinh.

Viéc tinh gin ding nghiém thu'c cia, phuang trinh Q. 1) du'qc ti€n hanh
 theo hai budc:

Budgc 1. tim khodng céch ly nghi¢m, nghia 1a tim khoéng (a, b) chu’a mét
v chi mot nghi¢m thye clia phuong trigh (2.1). |



Budc 2: Xufft phét 6t khodng cAch ly nghiém & budc 1, tinh gén ding
nghiém thyc cita phuong trinh’(2.1) dat dé chinh xdc yeu cdu bang mét
| phu’dng phép gﬁn dung | |

2. KHOANG CACH LY NGHIEM

Dinh 1y 2.1 dudi diy (43 biét trong gido trinh Todn hec cao cﬁ’p) cho ta
c4ch tim khodng cdch ly nghlem clg ptu.tdng trinh (2.1). L

Dinh lj 2. 1 N&u him s6 f(x) lién tuc trong (a, b) f(a), f(b) <0, fix) t5n ~

tai va giif difu khong d8i trong (a, b) chi c6 mdt nghiém thyc £ duy nhét

cia phuong trinh (2.1). '

Y nghia hinh hoc ciia dinh 1y 2.1 nhu' sau: mot du'Bng cong llén nét

| y= F(x), chi ting hoic chi gidm, ndi lién hai di€m A(a, f(a)) va B(b, f(b))

nam & hai phfa khac nhau cia tryc Ox, edt tryc Ox tgl m()t dlém duy nhat
= & (hinh 2.1).

T dinh 1y 2.1 suyra rang (a b) 1a khoéng c4ch ly nghlem cia phudng

trinh (2.1) n€u f(a), f(b) <0, f(x) t8n tai va gi& ddu khéng 46i trong (a,

b). D€ tim nhitmg khodng cdch ly nghiém ciia phll’dng trinh (2. 1) c6 hai

- phuong phép gu’n tich va hinh hgc.

.l y Is
| 2 ¥/ -
- 0 /< b x
0 ' . o
" y=fixp
Hinh 2.1

L Phu‘ong phdp gidi tich

* X4c dinh dfu cla ham s& f(x) tai cdc di€m mut clia mién xhc dinh cda
‘ham s& f(x) va tai cdc diém trung gian X = &, X = Oz, ... X = Op. Nhilng
di€m nay thudng dugc hya chon cin cif vao dac di€m cia ham s§ F(x).
Mdi khodng, & 46 hai diéu kién trén dugc thod min 13 mét khodng céch ly
nghiém clia. phudng tinh (2.1). Thong thudng dé€ tién, ngudi ta thudng
ding qu4 trinh chia d8i, chia khodng cdch x4c dinh him s§ f(x) thanh hai,
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bén, tim, ... phﬁn bang nhau vi xéc dinh diu cﬁa ham s& f(x) tai hai mat
-~ clia khoéng x4c d;nh va tgi cc di€m chia, ‘ |

Chai § phong trinh dai 6 bic n @2 khong nhiéu hon n nghiém thec, do
6 néu ta 4 fim duge n+l diém 3 a6: apx" +a1x li.. +a,_1x+a,

14n lugt thay adi ddu thi didu d6 c6 nghia la phu’dng trinh (2.2) cé6 n
~ nghiém thyc va tiy n+1 dlém trén, ta d€ dang xdc dinh du'qc n khodng c4ch
"1y nghiém. _

Thidu2.l
Tim nhimg khodng cdch ly nghlém cda phtrdng trinh

f(x)ax —6x+2 0

Guit
ThAnh lﬁp biing ¢ da'u ¢la hﬁm 56 fxy |
x (- f3 2 fof 1 | 2]3]+e
Dfucda | | v + | - ] -1+] +

T bing trén ta im duge bdn difm -3, 2, 1 va 3, & d6 x°—6x+2 14n
lugt thay d6i ddu. K&t hop vai diéu kign f (x) tdn tai va giit ddu khong

d8i ta suy ra (-3, -2); (0, 1) va @, 3) 12 ba khoﬁng céch ly nghlém clia
phuang trinh 4 cho. :

Trong trudng hgp f! (x) 12 m§t ham s6 lién tuc va phqang tinh

- f'(x)= 0 d& am nghiem, o€ am nhimg khodhg cach ly nghiém ciia’
- phuong trinh (2. 1) ta chi cdn x4c dinh d4u cda ham s6 f(x) tai hai mit cda
khoéng x4c dinh va tai céc khéng. dném ctia dao ham s/ (%) hoac tai céc

di€m gin c4c khﬁng dlém ciia dao ham .

Tim' nhﬂ'ng khodng céch ly nghxem clia phddng trinh:
f(x)- 2¥—5x-3=0
G G:&l o

‘ Ta 06 f’(x) z-‘lnz s Do dé f’(x) 0 kh1

!



2*In2-5=0; 2"Im2=5
xlg2 = 1g5 - Ig In2 | -
_lg5-IginZ _0,6990+0,1502 _0,8582

‘ "2,85
g2 . 0,3010  0,3010 . .

Ta thanh lap bang ddu cia ham 5§ f(x) tai hai mat m’la khoﬁng X4c dmh
va tai hai difm 2 va 3 gﬁn khﬁng dlém ctia dao ham f (x)

. i

o

Dﬁucuaf(x) + - . o 4

T bdng trén ta suy ra phlrdng trinh @3 cho hai nghi¢m thyc. D€ fim du‘qc
hai khoz’mg hep hon chﬁ’a hai nghxem thye, ta xét'bing diu sau:

x 11 o 2 3 47 5
Diu |+ : - - - B
cla ' | a
f(x)

Viy. khoﬁng ciach ly nghlém cla phl.rdng trmh dﬁ cho 1a (- l 0) va (4, 5).

“
2. Phubng phdp hmh hqc - g
Trong trudng hgp 4 thi clia ham 56 y = f(x) d& v&, dé fim nht’fng khoﬁng
céch ly nghi¢m' cda phlrdng trinh (2.1), ta v& 48 thj cia-him 88 .
y = f(x) trén gify ké 6 vudng. Hoanh d0 céc giao di€m cia d8 thi véi tryc
hoanh Ox cho ta céc gid tri- thd cda cdc nghiém thyc ciia phuong trinh
(2.1). Tir 83 thi , ta d& dang tlm dm;m cde khoéng céch ly nghlem cla.
phuong trinh (2.1).
Néu d8 thi cia ham 6 y= F(x) khé V&, ta dua phu’dng tﬁnh (2.1) vé
phuong trinh tttdng dl.rdng , :

- g(x) = h(x) -
sao cho 88 thi clia hai him sy = g(x)vay = = h(x) d& vé. Ta vé& hai 66 thi
d6 trén gifly ké 6 vubng va trén cing mdt hé tryc toa. do. Hoanh d6 céc
“giao diém cda hai d8 thj cho ta dc gid tr thd cia céc nﬁhnem thyc clia
phuong trinh (2:1). T d6 thi, ta ciing d& ding fim du'qc cdc kboﬁng cﬁch |
1¢ nghiém cia phddng trinh (2.1)." |

Thdu23:




Dung phu’dng phép dé th;, tim nhitng khoéng céch ly nghlem cia phudng
trmh f(x)ex —3x 1=0

P

CGidi -

'Cach 1 V& 46 thi cﬁa ham 6y= x® < 3x -1 trén glﬁ’y ké 6 vuﬁng (hinh
2.2). Ta thdy rang d3 thj cit truc hoanh Ox tai ba diém, do d6 phu'dng
trinh da cho ¢6 ba nghi¢m thyc. |
-Ti 46 thi, ta tim dugc ba khoing cdch ly ngmem (-2, <1; (- 1 0)va(l,2).
~ Cdch 2. Pua p‘ﬁerng tr'inh da cho vé& dang twong ducng nhy sau; :
X’ =3x+ 1 -

V& d4 thj cda hai ham s6 y=x’ vé. y = 3x +1 trén glﬁ'y ké 6 vuﬁng va trén
cing mdt hé tryc tog.d§ (hinh 2.3). Ta thdy rang: hai 8 thij cat nhau tai ba
di€m do 46 phudng trinh d2 cho c6 ba nghiém. thyc. T 48 thi, ta ci’mg tim
 dugc ba khoéng céchly nghlﬁm nhu & céch 1. . :

Hinh 2.2" L Hinh 2.3

‘3. PHUONG PHAP CHIA Bﬁt s
. 3.1 Noi dung phu‘d’ng phép ch@nﬁbi‘ o

_Glﬁ sit (a, b) 1 khoﬁng cach ly ngmem clia phlrdng trlnh {2.1). Noi dung
_Icua phttdng phﬁp chla dﬁl nmt_sau ta chia ddi khodng (a, b). Né&u



',;f(":"’)-o (8 ;_“;bla nghidm ddng cﬁé'pﬁudng inh (2.1).

..Né'uf(aq'b);eﬂ ta chon mét trong hai khoéng ( ";”)va .

(‘_' ; b b] m2 tai hai mit cda khoﬁng ham 55 f (x) c6 dg“ khdc nhau, lﬁm

) Ikhoéng cdch ly nghlém m61 Ta goi khoéng ndy lﬁ (a1, bi), né c6 dﬁ dal )
: bang nifa khoéng (a. b). :

o by - a|=-—(a b)

: Ta lal chla d6i khoﬂng (a;, bi) va ti€p tuc 1am nhu trén

-3.2. Sy hoi ty cita phuung phdp chia d6i .

‘N&u ta thyc hién v6 han 14n phuong phép chia 46i d6i véi khoe’mg

“(a, b) thl hoac tai mét 14n n2o d6, diém giita cia kho3ng 12 nghiém diing
clia phudng trinh (2.1) (trudng hgp nay ft xdy ra) hoac ta nhén duge mot
- day vb han céc khodng ch6ng 1én nhau va thu nhé dﬁn (a1, by); (az, b2),..

(as, by, .... 520 chio: -

o f(a“)f(b“)<° o .(23)
v | -'b ~n '—(b -a) (n=12.) '. s

Vi cdc miit trél a1, A2,.dns. 120 NEN ddy don dleu khéong gidm va bj chan
trén bdi s8 b, con che miit phéi b, bz,....bp,... tao nén ddy don digu khéng
ting va bj chan b&l sd' a, nén khl n— +oo tY dang thﬂc (2.4), ta nhén
' du’dc o | :

| llmﬂ = lim& =¢
n—>4oo n—y+eo :

Cho n - +oo trong bit dang thic (2.3), do sy llen tuc céia ham 56 f(x),
ta c6

[f(«f)]’ <0

Vay f(E) =0, va & 1a nghiém cta phuong trinh (2.1).

3.3 Pdnh gi4 sai s6 cia nghiém gdn ding

Trong thyc hanh, ta khong thé thyc hién phuong phép chia doi- vé han 14n
dé nhan duge nghigm ding ciia phudng trinh (2.1) ma chi c6 thé 4p dung



bt khoﬁng céch ly nghiém I (1; 2)

n lﬁn phudng phdp chia i, véi n lﬁ mét 6 nguyén, du’dng. hitu han

. Dtmg 1a1 gﬂsn tht f; ta ¢6:

a, SESB,VA b, a,,=2in(b'—q) |

Vay c6 thé lﬁ'y nghlém gin ding 1a:

a)  ap, khi dé sai s8 ciia nghlém gin. dung la:

] -§l<s, -a,,—-—(b a)

'b) by, khi d6 sai s& ciia ngmém gﬁn dung 1a:

|8, .f|5b -a, =-——(b a)

a,+b

c) —5—2——-’1 khi d6 sai s& clia nghi¢m gén dung a:
a,+b,
_E_z—n' -§ 5 (bn an) n+1 ——(b-a))].

3.4 Uu nhqurc diém ciia phuong phsp chia doi

Uu diém cia. perdng phép chia d6i 1a don gxén. dé 14p chuong trinh chay
trén mdy tinh, vi mdi 14n 4p dung phu’dng phép. chia d8i, ta chi phdi tinh

~ mft gi4 trf cita ham s6 tai diém gilfa cda‘khodng. Nhuge d:ém ca.phitong
. phép la toc dé h61 tu chim.

Tim ngh1em gan ding ct'la phlfdng trlnh
f(x)zx—x—lt:O '
bang phu'dng phdp chia dﬁl. )

. . . Gidi: ‘
Ta c6 f(l) = -I; f(2) = 5. Ap dung lién ti€p phuang phﬁp chia d6i vdi
khodng (1, 2), ta nhdn dugc b&ng két qud sau (xem trang sau), |
Dirng lai & lin tht 6, ta c6 thé' l&’y nghlém gén ding 12 1 32032 vdx sai 56

|1,32032 f] s —0,01563 0,00782,

Vay £=1,320 i 0,008. Hai cin §n méi lien. h¢ qua 2 cﬁn cii qua thujt  °
toén rhif sau: (tich f 4m la’y nhy cil, dudng thi thay mdl)



'é “n—l’ (an-l) S ( )
n-
Xp-1o S (“n—l) f ( )
_ B 2. +b 1
n | A “—}-‘L o | be-
ol 1 2 1,5 | 0875 | 1;_
1 1 L5 1,25 | -0,29688 0.5
2| 1,25 15 1,375 | 022461 | 025
3] 125 | 1375 13125 -0,05151 | 0,125 |
47| 13125 | 1375 1V ‘134375 | 008261 | 00625 |
5 | 1,3125 | 1,34375 | 1,32813 0,01458 | 003125 | .
6 | 13125 | 132813 | 132032 | 001563 |

4. PHUONG PHAP LAP
4.1. N§i dung phu'o’ng phdp lip :
Phuong phép lap 12 mdt trong nhfm;, phuong phép quan trqng aé glél gﬁn
“ding phudng trinh (2.1). Gid s (a, b) 13 khodng céch ly nghiém cda
phuong trinh (2.1). N§i dung cia phuong phdp lap nhur sau: dua phuong
trinh (2.1) vé phuong trinh tfong duting: |
L ox=e( @25
C6 nhléu cdch dua phuong trinh (2 1) vé phu’dng trinh (2. 5) Chang han,_ |
déi voi phu’dng tﬁnh - _ . o B
x3 - X- 1 =0
ta c6 thé viét: e
a)x= x*-1

b) x= (1+x)”3

) x= xl+.\c2

Béy gid, ta chon Xo € [a, b] 1am nghiém gédn dung ban dﬁu .
Thay x = x¢ vao v€ phél cha (2.5),ta nhan dugc nghiém gin dung nhit:
= Q(xg) 2.6) .
Thay % = X Va0 v& ph:h clia (2.6), ta nhan dudc nghlém gﬁn dung thd
hai: \ _
S Xp = (P(Ki) .
Lap lai nhiéu lﬁn qué trinh trén, ta nhdn dugc céc nghlém gﬁn dung

X3 = (P(Xz)



: x..'-_-m(xp-.'o', - en

. Ne'u didy céc ngh:ém gﬁn dung { x.,] n=l, 2 3,. nhan duge tr (2.1) hi
~tu, nghia Ja: ‘ o A
lim x, = {,"

M=o
thi chon n — +eo trong (2 N, vdl gid thi€t ham s6 (p(x) hén tuc trong (a, b),
ta cé . )

lim x = lim ;a( 1)=p( lim-x,,_l) .' -
n—p4oo n—ddoe - : HItee IR

| hay ., &= o)
Pidu d6 chitng t3 rang § 13 nghiém dung clla phtrdng tinh (2 5) va do a6
cung Ia nghlém dting cla phlmng trinh (2. 1) L

: 4.2 Sv hOi tu cia phu’o‘ng phép lip: |
Pinh ly 2:2 sau dﬁy cho ta céch chon ham sb’ (p(x) dé dﬁy x., xg, -
héi ty d€n nghigm§. -

'Dmh Ijr22 Git sit (a, by lﬁ ’khoéng cﬁch ly nghlem (éhli‘a nghxem X = §

sv‘ﬁa phydn&me(x) =0, fp(;c) va LQ'(X) 13 nhi

: Chung minh.
| Vl&lh nghi¢m. Nén:

Coie - & =€) LR (2.8)
'Bemezs)uu(zs) ta cé: -

S xi-E= fP(Xo) oE)

- Ap dl,mg cﬁng thic s§ gia hﬁ‘u han (cﬁng thac Lagrange) vio v& phdi, ta
nhan duqc

| - Xy § ‘P(Bl)(m & |
vd?c. gﬁm giifa xo vﬁE_, - |



lxl'“ﬂ l’? (61)||xo s’lslr[xo 5| :
Ttrdng t ta nhan du'qc ) |
sl - ¢|
S x4 S'q'xz—f]
Xp "f S.q xn— ‘:l

Cic bt dang thu’c trén chitng t3 rang moi Xq, 0 = 1, 2, 3 nhﬁn dugc tir
(2 7), déu thuéc {a, b}, néu xo thudc {a, b] va ¢ (x)> 0 | -

Tl’.r céc bat dang thitc trén, chiing ta cling nhan dugc:

| en=dlse"l-4 - |
E’Khl n --) +00, V1 @ < 1, nén vé phdi ti€n dén 0. Bléu d6 ciing chfrng té
rang dﬁy cdc nghiém gén dling x), X2, X3, ... hdi ty dén nghlém E
Minh hoa phuong phdp 1ap theo 4 hinh v& sau: aé gléx x=p(x)

-'i"t_ong da6: x’o' 12 diém ban ddu, &1 nghiém giao clia 2 dt_ri’mg cong:




fai 6 & siu viét

x va o ) nghxa 2 ta glél phudng trlnh x~¢(x) ba hlnh H2, H3
H5 déu hoi ty, néng H1, H4 13 phin ky. '
4.3. Ddnh gia sai s6 ciia nghi¢m gdn ding

P& d4nh gid 46 1éch giira nghném gin ding x,, nhan dugc bang phurdng-
- phdp lap v nghiém diing & cia phudng trinh (2 1), ta xét higux,-&

T chimg minh dinh ly 2.2, ta cé:

»> -

| '-‘flsqlxn-—l fl‘-
[ |sq|x,..., S
Vay: (1-4)lx, -s‘ISqun_l - x| Q9
Ix,,—{ls Ixn-l xnl o

Ta ciing c6 thé viét v€ phél cla (2 9) du6i dang sau. Theo (2. 7) ta
c6: Xp = Q(Xn.1)s Xp1 = (p(xn 2) v ép dyng cbng thic sﬁ' gia hitu han (cﬁng
thitc Lagrange), ta c6:

- Xn _xn—l = ¢(xn-l) ¢(xn_—2) =
| =@ (en)(xn-i xn-2) o -
véi e, nam giifa X,.; va x., 2.

|¢ (x)IS g <1 46 voi Vx € fa. b] nén:

|'xn - xn-l‘ |¢’ en)lxn-l xn-—ll S QIxn-l - xn-zl

T bat dang thic trén, chon n = 2, 3, 4,...ta 14n lutgt nhén dLr(jc._



xg—x1|,§q|x1hx0|. ST

Thay Vo v€ phil ciia (2. 9) ta cé:

Jxn - ¢| < ——-——le - x(,] (2.10)'

Ti (2. 10) dé thﬁ'y ring su hon tu cﬁa phlmng phép lap céng nhanh né’u q
cing bé. B4t ding thic (2.10) ciing cho phép sau ldn lap thi nhét (sau khi "
bi€t dugc x,), xdc dinh duge s6 14n lap cfn ti€n hanh N() dé nhin dugc
nghiém gin ddng x, dat d@ chinh xéc €. Thit vay, dé /x., 5/ khéng 16n
hon € chi cdn: | |

g -_*»1_5_-8
o lge(l-q)_ |
nghia 13: N(s) 2

Xy —Xg|
-_le_q;

 (2.-11‘) IR

Trong I:nrdng hqp q s = da’mh glé (2 9) cd dang don gidn- nhu’ sau:

o |x,, §|s|x,,_,-x,,| B (212)

ht du 2. - S

Tim nghlém gﬁn dung clia phﬂdng trlnh
f(x)=5x>-20x + 3=0

bang phu'dng phép lap véi 49 chinh xéc 10%,

biét khoéng cdch ly nghiém 12 ©, 1).
| Gldl
Trudc hé't cn dua perdng trinh d§ cho vé
phu’dng trinh twong dlfdng

X= (p(x) Cé nhléu céch, chang han




ugng 2:Tinh x&p I nghiém hu’d\ | inh ai 56 & si

x= x-F(st -20x+ 3),ﬁ (x) =5x.".‘ ~19x+3

x=Y(20x=3)/5;, = (205 -3)15 "

x=(5x3 +'3)'/26 qp_,,(x)=(5x3 +3)/zo .
Chii y rang, theo dinh 1y 2.2, n&u @(x) thod mﬁn .
didu ki¢n |¢ (x)l <g <1 trén[0, 1] thi qué tﬂnh 1ap hdi tv. Ta cé _

|¢|(x)‘= 15x -_19|,>1 trén [0,1]

[Pty ntng s

2
s [zox—q)
vdi mmxe [0 1]

los'(x)|= |3le4‘<l twén [0, 1]

Nhu’ viy, ta ding @4(x) = (Sx +3)/20 _  ; |
Vv6i |¢3 (x)|= l3x2/4|<0 75=g<1 tén 0. 1]va o6 cong tht lapsau

=(5xp_1 +3)/20 . @13) |
D&ng danh glé (2 2, thﬁ'y rang, d€ nghiém gén ding cla phtrdng trinh di
 cho v6i d6 chinh xdc 10™, |x, — ~ X,—1| cén thod mén: . |

0,0001.(1-0,75)
) 0,75
. 'vay ta bat ddu qué trlnh lap bang cdch chon xo 1A mot s6 ba't kir thubc

[0, 1] chang han xp = 0,75. Sau d6 ta tinh x,, v6i n = 1, 2, 3. theo cﬁng
~ thic (2.13), cho dén khi diéu kién (2.14) du’dc thod man, Ké’t qua tmh
todn nhu’sau P

=0, 00003' '(2 14)'f

Ix u-l | S



X =(5x3+3)/20=0,25547. 7
.\fz = (s,fi" +3)/20 = 0 '1_5417‘.._? | |
X3 = (Sx, +3)/20= 0,15092_- - ‘_' '_'
x4 =(5x3+3)/20= =0,15086 - b

| X5 = (5x4 + 3}/20 =0 1su§5___r_ j

* 1. "

A

' Viy ta c6 thé dl]'ng lai & l4n lap. thti' 5 va nghlém gﬂn dﬁng ciia phu’dng
trinh d3 cho véi d5 chinh xdc 107 1a: 0,15086. VI |

 Chi §: Néu lay x ﬁ(x) ﬂ(ZOx 3)/5 vﬁ Xo. --0 thi ta lai tiém can -
* mft nghiém khéc: f 1. 92029 lotra ngoal doan [0 l]

Thidu 2.5 Gidi ba-ig_ phnr&:ig phap' lap:f(x)-.?—f f?‘" “5x+520.
. . _!i-’- s R -
C6 2 nghiém x=3. 618033 x=1. 381966
s - D& tim x=3. 618033 thi ta dﬁng

x=—-———l—-+4==
- x-~1

<1 Vxe [l oo]

(x—l)

. Tacothéla'y xn-90 1,. bﬁ'tky

e DPétmx=1 381966thitadﬁng |

SR | - 2x
_-s-(x-_+5) qp"( )xf-s— <1 Vxe[l 2]

'Tacathéla‘y x0—10 -1, bﬁtky

s Béﬂmx-l 381966tmtacothédnug

feoy_
¢( )=.

(x- 5) , |
Tacdthé lay xo— 6,3,1,0, 1 bﬁt ky (khﬁng du’dc 5)

<1 Vxe[l z]

XE——
S ox=5

| hl’l y: trong phuong phip lap, vﬁn c6 ngoal lé véi ‘y (x |>1 6 nhi”mg |

diém dﬁu hay cudli cia KCLN. Nghiﬁ m_.: dné_u- klen. lp’ x)|<l dung cho‘
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mdt khodng 1in cin chita nghiém chinh xdc &, cdn diém xust phdt xo
chua chdc thda: |¢ (xo)|<l

Thi du: Gidi bang phitong phép lap:-
zx3 18x2 +48x-39=0; xpe[1.3 z] biing phu‘dng.l&‘ip

véi khodng céch I nghlem. [a= 1.3, b= 2], v sai s6 1: [x,,,; — x,| <1074

Ta ldy x-—-qp(x) L (le ——48x+39) V&i :xof-_-'l.B',_

2x .
ﬁlac dd ¢ (x)= 3(8x3 13) >1, xo'-13 nhung phép lap vin hoi ty.
_ B
TT xn f(xn)
1| 1300000 | 2.076923
2 | 2076923 | 1.965021
|3 | 1965021 | 1.836492
4 | 1836492 | 1.713320
5 | 1713320 | 1.635008
6 | 1.635008 | 1.615661
7 | 1.615661 | 1.615631
'8 | 1615631 | 1.615633
9 [Pl 1615633

- Va ¢.(x)_—_-=

2x3 +48x -39 |

18x

5.  PHUONG PHAP DAY CUNG
. 5.1. N6i dung phudng. phép dﬁy cung

' Glﬁ st (a, b) 1a khodng c4ch ly nghiém clia phu’dng trinhi (2. 1) Ndi dung
cla phuong phdp diy cung 14 trén [a, b, thay cung cong ctia dudng cong

, %p =2, h6i ty chim! -




_chm o 2:Tinh x&p x1 righie"m

y=f(x) bang day cung tru’dng cung ccmg dy va xem hoanh dé xl cia.giao
diém cda day cung vdi truc hoanh 12 gid tri xdp xi cla nghlem dﬁng § Bé ‘
'x@y dyng cong thic iinh x,, ta xét hai trudng ht}p sau:.

a Truong hop 1: ' (x).f"(x)>0. DE& x4c dinh, xem f(a) <0, f(b) > 0

Fx)> 0, f(x) > 0 véi Vx € (a, b) (hinh 2.4). Ddy cung AB 12 dudng
* thang di qua hai diém A(a, f(a)) va B(b, f(b))y nén phudng trinh cta diy
: cung AB la:

y=f (a)
f®)=f @ b -a
‘P& tim hodnh d6 x; cla glao 4i€m clia day cung AB vdn truc hoanh, ta dat
trong phuong trinh trén x = x, vay=0 '~
-f@@)  _x-a
f&)=-f@ b-a 5 |
R 4 C) (Chall)) o -Sc _ S(x)(d-xp)

SO~ 1@ TV~ f(xg)

Nghiém & bay gid fiam trong khodng (x), b). Né'u X1 chia dat 46 chinh xﬁc
. yéu cdu, ta thay (a, b) va lai 4p dung phuong phép diy c‘ung asi véi

(x1, b), ta nhﬁn duge x, x&p xinghiém & t6t hon x;:
o Sxp-x)
IR - () |
_Tlép tyc qué trinh trén trong trudng hap tﬁng quﬁt ta nhan dec
x _S(xp)b=xy) - |
T T Sy f ()
L f)xe =)
ol '?" G- 1B

Xo=a @19



Qu4 trinh dimg lai kh1 ta nhan du:qc nghlem gﬁn dung dat 46" chinh xén
yéucdu.. . L

C6ng thite (2.15) vin dﬁng trong tn.tdng hop f(a) > 0 f(b) < 0 f’(x) <0
f (x) <0 (hlnh 2. 4) | ‘ o

b.'Tmang h@ 2; f-’(x) < o, f”(x) < 0. b€ x4c dinh, xem f(a) >0, f(b) <0
£(x)y < 0, f7(x) > 0 v6i Vx € (a, b) (hinh 2.5). Day cung AB 1a dudn
thang di qua ha1 dlém A(a, f(a)) va B(b, f(b)) nén phl.rdng trlnh ciia dar
cung AB la: ' _
_r= f b _x-b
- f@ b-a -
Bé fim hoanh 46 x, cﬁa giao di€m cia dﬁy cung AB véi truc hoénh ta dg
~ trong phtrdng trinh trénx=x;vay=0. .
' ~f(b) - xl_.-,b
f (b) Sf(a) b-a
p_ LO=a)
f (&) - f (4)

T | oy

, If nh 2 3

 Nghiém F; bﬁy glf! nim trong khodng (a, x;) Né&u x; chua dat d@ chinh x4
yéu cdu, ta thay (a, b) bang (a, X} v lai dp dyng phuong phip déy cunj
d8i véi (a, x,), ta nhﬁn duge Xo xﬁ'p xi nghiém & t8t hon x;:

L fxy=a)
5= S - fla)
| Tlé’p mc qué trinh trén, trong tru'img hop tﬂng quét ta nhén dugc:
' F)x,-a)
X =g = GRS @16
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Qud trinh dimg lai khi ta nhén du’dc nghlem gﬁn dung dat d(‘) chinh xéc
yéucdu, ‘

Céng thifc Q. 16) van dung trong trlrémg h(;ip f(a) <0, f(b) > 0, f (x) >0
va f”(x) < O (hinh 2.5) . .
T nhitng ket qui trén ta thay rang trong qué trinh ép dl,mg llén tlé'p‘
_phu’dng phép ddy cung d8i vdi khodng c4ch ly nghiém (a, b), c6 mét trong
hai miit cda khodng (a, b) ¢§ dinh, d6 12 miit & 46 diu ca ham f(x) tring ._
véi déu cla dao him c4p hai f7(xy va hai cbng thu’c (2.15) va (2. 16) cé R
thé két hdp tharh mét cong thu’c sau: | "
f (x,,)(x,, —d)

f (x - f(d)

f(xn)(x —d)
f(xn) f(d)

n+1

.17

xn+l y X =b

xn

v61 n=012. vﬁ
» d=b néu f(b) ciing ddu véi Fo(x); xg=4; (*)
*d=anéu f(a) ctlhg d&u vdi f"(x), Xo = by (**)

Ql_ig \# Trong cé 4 hinh v& ta thy day (xn) luén 6‘ mét bén véi
nghi¢m £, edt tuy€n ddu tién cit tryc hoénh luon 13 xq, vy chon
xp phdi 1 cing pha véi £ va x;,¢6 xp ==>d I dlgm bién cdn
lai. - \ | .

Trong thu’c hanh chi ¢6 2 trm‘mg ho'p (*) hoiic (*"'), nén né'u *
khﬁng thanh c6ng th ta dfilai (**) chic chdn s& thanh cbng.

B . Taxét mdt vi dy so sdnh sau: cho 2 phuong trlnh sau véi Xy

(l)xsinx l'xe[l 2] xo 1 (2 tg(x+l) x? xe[Ol] xo

xsinx-‘l-—o (1) . : tan{x+1)-x*2 | " (2)
xi | flxm) | o x| f(x)
2 ]0.818595] | R =3.18504 |
| 1 |-pis8s3] o | 0 11.557408
tang | 116224 [0.066583] 1 | tang | 0.328397.54 | 3.936469
gidm |1.107774]-0.00887| 2 [téng | 0.699631% ] -8.20838
ting |1.114969]0.001128] 3 | ting %119044 il -2.81804
| gidm [1.114053(-0.00014] 4 | tang }::2.656874 3 -6,49267
‘tang: | 1:11417]1.856-08] s  [giam]' "-0.5954734%{0.073565




tng” |11 .‘?"3035-07_
TR | (1415 3 9E08 |

o ( 1) ¢é day nghiém ting, gidm, di1 cudl cling véin hoi tu vé 1114157
e (2)c6day nghlem ting, gidm nglu nhién, va khéng hdi ty. -

giam |

oiam | 034627

Sau déy ta ddi cdn: (1), xn =2 va (2), xg"l o
g Lixsink-1201 (1) | [tan{x+1)x22l ) |

. x| f(x) ' X (%)

; 1 015853 O | 0 1.557408
Sl bot2t - {ostsses| 1 l "4 0| -3.18504
247 0.066583] 2 ! 28307+ |3.936460|

1971 ig;fg' 0.00887| 3 Dl s o'9ssoé9 ;
69:[0.001128] 4 T 55391*1*‘ 0.171274
53 |.0.00014 5 | -0.62243:% 0.00919

" ‘1‘;65'5“-05" 6 1 |-0.82812;{0.000308

155 | -24E08| 7 L | "0.62624:]9.98E-06

157 |300E07| 8 | | |i-0.e2625%]3.23807|
3ee08] o [ | [+-0.62625%]1 oss-os

¢ ' (l)coday nghlém glam 2 --> 1.16224--> 1.107774 --> 1.114969...
*  (2) c6 day nghiém gidm 1 --> 0.328397--> -0, 21498 --> -o 55397...
e Hai md hinh sau ndy mdl diing la dép dn theo ly th_uyé't

5.2. Sy hi ty cia phu’dng phip ddy cung
Gid sl (a, b) 13 khodng cdch' ly nghiém cla phu’dng trinh (2 va f ()
git dfu khong déi trong (a, b) ngha 12: f(a), f(b) < 0, f'(x) v2 f "(x) giil
d4u khéng a8i trong (a, b). Khi d6 tit myc 5.1 thiy ring néu 4p dung lién
tiép phuong phdp ddy cung d8i véi khodng céch ly nghiém (a, b) nghia 12
ép dung cong thic (2.17) véin =0, 1, 2, .., c4c gin ding lién tié€p Xor X1,
hoac tao nén mot ddy don dleu ting va bi chan trén: '

a=Xp< X1 <X2< < Xn < X1 < §<b
| (tn.rbng hgp 1), hoiic tao nén mot ddy don diéu gxém va bj chan dudi:
: - a<éx. < Xnsl <Xn<X2<X <X =b =
(trudng hop 2), nén tbn tai gidi han:



Dé thé'y rang £ Ia nghxém clia phttdng trinh (2 1) trong (a, b), nghla 1a:

. € =&
"I'hﬁt vﬁy, chuyen qua gidi han khi n — + cotrong (2.17), ta c6:

B f (f)(;_-d) ‘

| - @)= 1@

T dé suy ra f( ¢') = O Vi (a, b) 1 khodng céch ly nghiém ciia phu’dng
trinh (2.1) nén trong (a, b) chi chﬂa mét nghlem duy nhit § clia phudng
trinh (2.1), vy & =&
.5.3.Pénh gid sai s& ciia nghiém gdn ding -

D€ dénh gid d6 léch cda nghiém gin dﬁng Xz, nhn dugc bang phuong
- phép dﬁy cung va nghiém ding § cﬁa phuong trinh (2. l), ta ¢6 djnh Iy sau:

'Bmh Iy 2.3 Gia st nghlem ding & va nghlém gén dung Xn cla phuong
tinh (2.1) déu nim wén cdng mot dogn o, P] wva

0<my slf x), Vxe [a,ﬁ] Khi d6, ta c6 dénh gid sau:

[ -—;l s el (2.18)

.mlﬂ

Chu?zg minh. :
'Ap dung cdng thu’c s6’ gia hitu han (cong thic Lagrange), ta cé
'v6i e nam giita X, va &, nghia 13 e € (o, B).
Vif(£)=0va|f'(e) 2my, nén:

| fe) - 1) =[S (x| = If'(e) x,.-s‘IZmllx,, -§

va * Jxn :|s|f(il D
| iy | _

Nhu vy d€ d4nh gis mic do chinh x4c cﬁa nghiém gn ding x,, -
nhén dugc bang phudng phap day cung, ta c6 thé ding (2.18).

Ngodi ra, ta c6 thé dénh gid sai s6 cda nghiém gén dng x,, n€u
bi€t hai gdn diing lién ti€p X,.; V2 X, nhén dugc tir (2.17) nhu sau:

Gid s trén {a, b], f'(x) lién tyc, gi¥ d&u khéng a8i va thod min:
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S o<ms|//WlsM<l @1

T (2.17) tacé: - B

S =)
n =T f e )= @)
Sy} =)

X1 -d

va 'o-x(xn_l)= xn-xn—l)

V1 & 12 nghiém ddng cta phuong tinh (2.1): £(§) = 0, nén c6 thé vt
- xp_1)— f(d o
FO- fyp= L= L0
. Xpa1— d
Ap dung céng thic s& gia hitu hant;l-ta c6: |
| | FHENE=Xp-1)= £ '(e2 XXy = Xp-1).
véi ¢, nam gilfa & va x.1, nghia i ¢, € (a, b); €2 nam giira X,.; v d, nghia
lae; e (a,b) : '

Xn = xn-l)

- Do dé:
f(ey )(f - xﬁ + Xy~ xn_—l) = f'(éz Wx, = xn—l‘)
A GESE FACVEFACU CRtZR]
i |x—gl= |/ '(e2) - f'(el)|lx” cxa| C(2.20)

| RTAC )|
Theo gid thi€t (2.19), ta ¢6: -
|£'(e2) - ey )| S My —my

Tu' (2.20) sﬁy ra: . | o

|.1|:‘,'l - fl < —ﬂ—l!;'_—l-"—'-l-‘xq - xn_l‘ . | (2.21)

5.4, Uy, nhuge diém ciia phuong phip diy cung .

Phudng phép dy cung 12 mét trong nhitng phuong phép dugc st dung

t6ng rai d€ tinh gdn ddng nghi¢m thye cia phuong trinh dai s6 va siéu

viét. Uu diém ciia phuong phdp diy cung 1a ‘bi€t Xn, 4€ tinh Xu41, ta chi
 phdi tinh mot gi4 trj cda ham f tai diém x, (tri¥ trudng hop n = 0, ta phii

tinh hai gid trj clia ham f). Nhuge giém ciia phuong phép diy cung 12 t8c
46 hoi ty cham (chi i ty tuyén tinh). ' T o



R Thi du 2.6 Tim nghiém gén ding cda phuong trinh:
fOy=x®-02xt-02¢-12=0 S
| bang phuong phdp diy cung vdi df} chmh xéc 0,003, bit l{hoéng cach ly

' nghlemlé(ll 1,4). _ SR I AR '
Gidi -

Ta ¢6: f(1, l) O33l<0véf(1 4)= 0872>0

Ngoél ra: f'(x)= 3x? -—0 4x —ill,z,f"(x) 6x-04; f (x)>0 vﬁ
f(x}>0 véi moix € (1 1;1,4).

| Viy c6 thé xuit phét tiY khodng (1 1; 1, 4) d€ 4p dung lién tiép phu'dng'
phdp ddy cung va diy cfc gin diing lién ti€p Xo, X1, X2,., Xn., nhdn dugc
tir cong thic (2.17) sé hi)l tu dén nghlém ding nam trong khodng .

(1,1; 1,4) céia phuong trinh da cho.

Vi f(1, 4) cdng d&u véi f”(x) nén ta Ap dung c6ng thli'e (2 17)
vdld-14 xp= 1,11

f(xg)(xg = 1,4) 11~ S (1,1)(1,1'- 1s4) _

=X~

TG-S T fAD- S
=1,1- (_0 331)(_0’3) =1,18254 |
—0,331-0,872

flx)= f(l,‘1szs4) =-0,06252 |

S0 -1 4)
flx)-fL,4) |
(—0,06252)(1,18254 - 1,4) _
-0,06252- 0,872 - _
(0, 06252)(-0, 21746) - 1,19709
. - —0,93452
| f(x,) £(1,19709) =-0,01056

Dirmg lai tai x3, ta c6 thé dénh gid 46 1éch gitta x va nglnem dung g cla
phuong trinh 43 cho bang (2.18). Vix; <& < 1,4 nénxy 1 4] 1a doan chifa
~ nghiém gén ding x, va nghiém diing §. Ta c6: ' .

_f’(x)>f’(x2) £(1,19709) = 3,52618 = mlvdl‘v’xe[xz,l4)

If(x,.)l 0.01056 _
my 352618

X2 =x1

= 1,18254 —

=1,18254—

=0, 00299 < 0 003

Vi o .|x2—§|
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' Vay x, 12 nghiém gén dtng phi dm.
~ Néuta d4nh gid 46 chinh x4c ciia xz bing (2.21), ta c6:.
m, = f(1,1)=2,99 < f(x) véi Vxe [1,1:1.4]
f () < f(1,.4)=512=M v6i Vxe [1L1;1,4). |

va: o ep-gs yl"—:ﬂh, — x;|=0,01037
‘ - :

Tit d6 suy ra, dénh gid (2.18) cho ta ket qua tot hon.
Chu ¥ ring nghiém diing cda phuang trinh dichola§=12.

6. PHUONG PHAP TIEP TUYEN (PHUONG PHAP NEWTON)

6.1. Noi dung phudng phip Newton .

Gia sit (a, b) 12 khodng cdch ly nghi¢m cla phuong trinh (2.1). N6i dung
céia phudng phép tiép tuy&n 12 trén [a, b] thay cung cong AB cia dudng’
cong y = f(x) tai di€m A hoac tai diém B v2 xem hodnh d§ x; cia giao
difm ciia ti€p tuyén vdi truc hoanh 12 gié trj x&p xi clia nghi¢ém déng &.
P& xay dyng cong thic tinh xj, ta xét hai trudng hdp sau: ' |

@ Truomg hop I: §'(x). £7(x) > 0. D€ x4c dinh, xem f(a) <0, f(b) >0,
f(x)>0va f ”(x)!> 0 véi ¥x € (a, b) (hinh 2.6) hoac xem fa)> 0,

£(b) <0 va f(x) <0 va f"(x) <0 véi Vx € (a, b) (hinh 2.6).

yt 8
¥= fox di
- 1
0 !
ﬂhfmﬂ"“‘# 0
¢ _ '
; 'f'(.x) >0 |
A 4.
ftxyyo
Hinh 2.6 q

Phuong trinh tiép tuyén véi dudng cong y = f(x) tai diém B (b, f(b)) c¢
© dang; - - |



| y- f(b) f (b) (x - b) -
" Pé€ tm hohnh 46 x; clia giao di€m ciia ti€p tuyé'n véi truc hoanh ta dat
lrongphddngtrlnhtxéux xvay=0: '

wALEN "(b)(x; -

Wilh
TAUR
: Nghlém E by gid nim trong khodng (a, x;). Néu x, Chll'a dat 46 chinh x4c
- yéu cdu, ta thay (a, b) bang (a, x;) va lai 4p dyng phwong phép ti€p tuyén
d6i véi (a, x,), ta'nhin du'(;tc X2 xﬂ'p xI nghiém & tSthon x;:
S
S'(xy)

Tiép tuc quﬁ trinh trén, trong trudng hop téng qudi ta nhan dugc:

xn+l_xu" f(x A

S (%)
Qui tnnh dimmg lau khi ta nhin duge nghlem gdn ding dat do chinh xdc
yéu ciu. |

b. Truong hop 2: £(x). £7(x) < 0. P€ x4c dinh, xem f(a) < 0, f(b) >0,
F(x)>0va fP(x) <0 véi Vx € (a, b) (hinh 2.7) hoac xem f(a) >0, .. .
f(b) <0 va f(x) <0 va f"(x) > 0 véi Vx € (a, b) (hinh 2.7). Phuong trinh
ti€p tuyé'n v8i dudng cong y = f(x) tai diém A (a, f(a)) ¢6 dang;

- y-f@=F@&x-2a) -
D€ tim hoanh dp x; cia giao di€ém clia ti€p tuy&n vdi truc hodnh, ta dat
trong phtrdng tinchtréax=x; vay=0:

- ~Jf(a)=f"(a)(x, —a)

fla)
‘ f'(a)
Nghiéin § bdy gid nim trong khoéng (x1, b). N&u x; chua dat do chinh xdc
yéu cdu, ta thay (a, b) bang (x;, b) va 1ai 4p dung phuong phép ti€p tuyén
d6i véi (xi, b) ta nhén dugc x» xfp xi 'nghiém g t6t han x;:
Sx)
S'(x1) .
Tle'p tuc quéi trinh trén, trong trudng hop tSng quét ta nhin duqc

Xy =0—

x2 —xl

xl--_a—

H*h-



Qué trinh dimg lai khl ta nhin duqc nghlém gin dung dat d6 chinh xdc -
yéu cau. ‘

Y1, 4 )
- X f{a_) <a
1[ f’fxna
i\ | .
| e F ppREREN %
117 Fexy >0 . : VN
1/ .
/ f?’"-{? IR LA

Hmh 2.7

Chi y rang trong tru'dng th 1 (hoac truong hgp 2), néu ta 4p dung :
phuong phép nép tuyén xudt phit tit xo = a (hoac Xo = b) thi ta s& nhin
dugc x; nam ngoal (a, b) (xem céc hinh 2.6 va 2.7), nghia 12 véi sy lua
chon xo ma f( xo) khéng cing ddu Vi f "(x), phuong phép ué'p tuyé'n c6
th€ khong ding duge.

Ti nhiing k&t qua trén, thiy rang trong qué4 trinh 4p dung lién tlé'p phlrdng -
, phép ti€p tuy€n ddi véi khoéng cdch ly nghu:m (a b), ta sé& c6 c6ng thite

- dﬂx) .
S Xy (2.22)
vdln 0, 1,2, .., va:
exg=Db n€u f(b) cing dfu véi f Xy ™)
® xo = a néu f(a) cung ddu véi f’.’(x_),l (*%) X
. o fl l” .

<o

| .' f/f >0

" Hinh vé goi dii 4 trudng hop.



| Chi ¥: Trong ca 4 hinh v& ta thiy diy (x,,) luﬂn @ mdt bén véi
| nghiém, va t4t ca diy ludn & phia mjt 13i ra. I-_I‘mh_ vé goi _cang-u-_ui'c. 1

| Trong thl,tc hanh chi c6 2 truong hvp ("') hoﬁc (*"'), nén néu ("') -
 khéng thanh cﬁng thi ta ddi lgi (""") 9h§c chin s& thanh cong. |

6.2, Sy hdi ty ciia phu'o‘ng phdp Newton

Gid st (a, b) 12 khodng cach ly nghlém cla phu'dng trinh (2. 1) vi f ”(x)
gitt ddu khéng d8i trong (a, b), nghia 13 f(a). f(b) < 0, f(x) va £"(x) giir
d#u khong d8i trong (a, b). Khi d6, tif myc 6.1 thy riing n€u 4p dung lién
' ti€p phuong phép ti€p tuy€n d6i véi khodng cdch ly nghiém (a, b), nghia-
_lé 4p dung cdng thifc (2.22) véin =0, 1, 2,.., cic gﬁn diing lién ti€p xo, Xy,
X2,.-... hodc tao nén mét diy don diéu gidm va bj chin dysi: |

a<§< 1< Xy < Xy < <Xy < X <xy =b
(trudng hc,sp 1), hoac tao nen mét day don diéu tang va bj chan trén

a=Xg <X <Xy<o + < Xy < Xpyy <o <f<b
(truang hop 2), nén t3n tai gidi han:

lim x,, =£
n—ytea

. D& thﬁ'y ring & 12 nghiém ciia phu'dng trinh (2.1) trong (a b) nghla 1a:

| - =t -

-'Ttr dé suy ra: f(£) = 0. Vi (a, b) 1a khodng céch ly nghlem cﬁa phlrdng
~ trinh (2.1) nén trong (a, b) chi chUa m6t nghxém duy nhﬁ't & cua phtrdng
trinh 2.1),vay £ =&

6.3.Ddnh gi sai s6 cda nghiém gin dung

D& dénh gid mic d§ chinh x4c cla nghlem gin dﬁng Xn, nhﬁn dugc bang
phudng phép ti€p tuyén, ta.c6 th& dang (2.18). Ngodi a, ta ¢6 thé ddnh
gi4 sai sG clia nghiém gn dding x5, n€u biét hai gﬁn dﬁng lién ti€p Xy.1 v
Xo nhén dugc ¢ (2.22) nhur sau: o :

Gid st trén [a b}, F1(x) va Jr(x) thod man* _ - o L |
O0<m S| (x)| |f"(x)|s My (2.23)
| Ap dung danh glé @. 18). tacé:
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I - &l f(x,-,.)

(2.24)

Diing cong thifc khai trién Taylor clia f(Xy) tai Xa-1, nhdn dudc:
FGn)= SO+ f ' Gine) i = X )+ M@= X p)? 225)

trongdé e nam giita X,.; va X,, nghiala € € (a, b)
T (2.22), ta ¢cé:

= _ f(xn—l)
xﬂ '-xll—l f'(x —1)
var S g} S X)X = Xp 1) =0

Thay vao (2.25), nhan dudc:
Gl = 3] e )
Tir diéu kién (2.23) va ddnh gid (2.24), suy ra:
(2.26)

x, —-§|<EM——|x -X,_

So véi dénh gid (2.21) cia phuong phdp day cung, thiy rang phudng pha]
ti€p tuyén hoi tu nhanh hon phudng phép day cung.

6.4. Uu, nhugc di€m ciia phwong phdp tiép tuyén
Uu diém cla phu’dng phép 12 tdc do hoi tu nhanh. Nhuge di€m cda phuon,

phép uep tuyen la blet Xq, 4€ tinh X,41, ta phdi tinh mot gid tri cda ham
va mit gxé tri cda dao ham f’ tai diém x,. :

Thi du 2.7 Tim nghiém gén diing ca phudng trinh:
fx)=x*-0,2x*-0,2x-1,2=0

bang phuong phép tiép tuyén, bi€t khodng cich ly nghiém 1a (1,1; 1,4).

Giai. '

Tacé: f'(x)= 3x? 0,4x —0;2; f"(x)=6x-0,4>0 v6i moi
xe (1,1; 1,4) '
Vi f(1,4) = 0,872 cung dau f”(x) > 0 nén trong cong thic (2.22)
ta chon xo = 1,4. Tacé f(1,4) = 5,12.°



[ =£Q, 22969) = 0,11109

£'(q)= £'(1,22969) = 3,84454

xy = xy —-LE1). 21,20079

. _(xl . .

Dimg lai t3i X2 ta c6 thé d4nh gi4 49 1éch gia x, v2 nghiém ddng & ciia
* phudng trinh dd cho bang (2.26). Ta c6: .
fx)zf(1,H=29= mlvd:Vxe [1, I 1,4]
SIS, 4)=8=Mvéi Vx e [1,1;14]

|x2-—§]s£~—:'1|x2-—'xl|‘so,oonz @2
1 :

" Ta ciing ¢6 th€ ddnh gid 49 chinh x4c cda x; biing (2.'18). Dé thdy riing
(1,1; 1,20079] chita nghiém déng £ va nghiém gin ding x». Ta c6:
P2, 1)=299=mvéi Vx e [1,1; 1,20079]
£(x2) = £(1,20079) = 0,00288 |

WP |7(xz)| _ 0,00288 _ 0,0006
2,99

Nhu vgy d4nh gid vira nhin dugc t6t hon so vdi dénh gié (2.27).

Nh@n xét: _
1. Nhimg d4nh gid (2.21) va (2.26) cla phxrdng phdp diy cung va ti€p
~ tuyén thm‘lng qué trdi so v6i thyc t&. Do d6 trong tinh todn, € d4nh
' gif sai s cda nghiém gin déng, nhin dugc bling phuong phép diy
~ cung hoac ti€p tuy&n, ngudi ta thudng tim c4ch thu hep d€n mic t6i da
doan [a, B] chda nghiém gén ding vA nghiém ding, sau d6 &p dung

d4nh gid (2.18). Lim nhu viy ta s& nhin du’Qc ddnh gid t5t hon, d8ng .

thdi khéi ligng tinh todn nhd hon.

2. Céc phudng phép ddy cung va ti€p tuy&n cé thé xem 2 bai trudng hop
" dic biét clia phvong phdp lip xét & §4. Cin c& vao cic d4nh gid (2.21)
va (2.26) ngudi ta thudng néi phuong phép ddy cung 12 phuong phédp
lap c6 cip hoi ty mdt, con phuong phép tlé’p tuyé’n 1A phu'dng phép lap
cé cip hdi tu hai.
~ 3. Trong Iy thuyét trén ta chon xo = b hay Xo=a la ny thut)c dﬁ’u g
nhung mé6t s6 bai ton ta c6 th€ chon cd hai mit déu cho ta hdi ty.



_§7 GIAI GAN DleG HE THONG PHUUNG TRiNH PHI TUYEN
'BANG PHUONG PHAP NEWTON

Nhv da biét 3 §6 n61 dung hinh hoc cla phuang phép Newton
(con goi 1a phu‘dng phép ti€p tuy€&n) 12 xut phat tit nghiém gin ding thi
- N Xp, ta thay gdn ding phin dudng cong c6 phuong trinh y = f(x) giifa
diém (xn, f(xa)) va tryc hodgh bang dudng ti€p tuyé€n voi dudng cong tai
Aiém (X, f(xn)) c6 phlmng trinh y = f(xo) + f7(Xn)(x -xo) va xem hoidnh dd
Xns1 COQ. giao diém cda tiép tuyén ﬁ'y vdx truc hoanh 1a nghlem gin ddng
tht n+l1, tot hon xp. '

Thyc ché’t clia viée 1am trén 12 xuit phdt tir nghiém gin ddng thit
n: X, ta, Xem X = Xq + hy 12 nghiém diing cda phuong trinh f(x) = 0, nghia
12 ' | | : ' L
Cf(x) = f(Xa + h,) =0,
sau d6 khai tnén Taylo ham s8 f(x) tai di€m x,, ta c6:

2
o= f(x,.)+k,,f'(x,,)-+—2-"—f"(x,.)+.--.=0

. B qua nhitng sf'i"hangltt‘r bic hai trd di d6i véi h,, ta xem:
| © F(%) = f(xn) + ha. £7(x0)
va: . K ‘f(xn)+hn-f7.(xn)‘“0
i
- f (x,.)
Do dé nghlém gﬁn dﬁng t()'t hon x, 13; '

C4ch 1am trén 481 vdl phuong phdp Newton c6 th€ md rﬁng d€ gidi gin
- ding hé thng phuang trinh phi tuyén. D€ don, glﬁn, ta chi xét trudng hgp
hai phuong trinh phi tuy€n hai 4n 56

F x — o . ' : ‘-
{ (x7)=0 (2.28)
e | G(x,y) 0 | o
trong 86 F va G 12 nhifng Kam khé vi d€n cdp cin thiét.

. Gid 8 Xova yn 1a nghiém gén dﬁng thf n ct’la hé thé'ng phtrdng trinh ph1
tuyén Q. 28) Xem: :



X =Xg +_hn;:y = ¥Yn + Ka

ta c§: o - L
F(x,y) F(x, +h,;y,+k, }=0
G(x,y)= G'(x +h,,,y,,+k )=0

Khai trién Taylo ¢éc ham s hai bién 6 F(x, y) va G(x, y) tai diém
(Xns ¥n). ta cé: | "
{F(x, y) F(x,,, y,,)+h,,Fx(x,,, )+ kaF, (x,,, Yo) oo

G(x,p)= G(x,,,y,,)ﬂ-h G, (x,,,y,,)+k Gx(x,,,y,,) + s -*0'
Bé qua nhitng s& hang 0 b&c héi trd di d6i vi hy va Ko
{F(x,y) Ftns V) + PG ) + F)onr )
G(x,y)= G(x,,,y,,)+ h Gx(x,,,y,,) + k Gx(x,,,y,,)

. {h wFx (% Yu)+ kP (xm.vn)- F(xmr..)
h Gx(xmyn)"'k G, (x,,,y,,)~ G(x,,,y,,)
~ Néu dmh thite Jacohu
R F’(xm.v,,) F(x,,.y,,)
| J(xmyn) 4 i
| 1Gx(x ,y,.) (xmy_n)
thi t (2.29), ta nhfn duge: L
|  Fe) Byl
TG Yi)|G ks y) Gytmsdn.

by = -

1 [FeGono ) F(ens )
T Cens Y)|Gl xp ¥) Gy )l

n™—

Do 46, nghiém gén diing 5t hon x'n, vy 12:
| 1 |FGonyw) Fytnssn)|

I 230)
J(x,,,.v,,) G(xyy¥,) G (x,,-,y,,)

C Xp41 =

s

F/(xn’yn)F(xmyn) ‘ 0’1 2,‘

G (x,,,.v,.) G(x,.,.v,,)

1
(X5 Yn)

:yn+1
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trong d6 X, Yo 12 nghiém gin ding ban diu, thudng dugc xdc dinh nhu
sau: v€ cdc dudng cong F(x, y) = 0 va G(x, y) = 0 trén clng hé truc toa dd
Oxy va xem toa dd giao di€m cda ching 13 xo va .

Ngudi ta chiing minh dugc rang néu nghiém gin ding ban diu x, va yp
“di gidn” nghiém ddng phdi tim clia (2.28) thi Xn.(, Yas xdc dinh bSi
(2.30) s& hdi tu d&€n nghiém ding phai tim khi n — + .

Trong tinh todn cu thé, qud trinh lap (2.30) s& dugc dirng lai khi ta nhin
dugc nghiém gan ding dat dd chinh xdc yéu cu.

Phuong phdp Newton (2.30) hodn todn c¢6 thé mé rong cho hé théng n
phudng trinh phi tuyén n an s6. '

Thi du 2.8. Tim nghiém duong clia hé théng phudng trinh phi tuyén:

{.\:2+y2 =1

(2.31)
x3 -y=0

bang phudng phdp Newton

' Giai
. V& db thi clia dudng tron x? +y2 =1 va cia dudng bic ba y=x3 trén
gidy k& 6 vubng va trén cling mot hé truc toa dé Oxy, 161 x4c dinh toa d6
clia céc giao dié’.m chia chiing. Ta ¢6 thé chon xg = 0,9 va '
yo = 0,5 1am nghiém gin ddng ban dau d€ fim nghiém duong clia hé thdng

(2.31) bang phuong phip Newton (hinh (2.8)

Ta cé:

F(x,p)=x*+y*-1

G(x,p)=x>~y

[ ' b ) Y y-!"_\
Fe(e,p)=2x; Fy(x,p)=2y S
G (x,p)=3x% G (x,p)=-1 ﬂ"“.

' . . I
F(x03y0)=0306;. G(xg,yg)ZO,ZZQ ' 0jf x
Fo(x9,50)=1,8; Fy(xg,5)=1 '
G (x,00)=2,43; G\ =(xp,9)=-1 Hinh 2.8
L8 1|

J(xg,¥9)= =—4,23%0

(X0:30)=), 43 -1‘
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1

L 0,06 1 )
X =0,9-—— = 0,8316785
V,\ i ) "—'4,23 0,229 _1
ay
_0,5-— 1,8 0,06 =0,5629787
NEBIT T 302,43 0,220 -

Bay gid ta tinh x,, y2 béng.céch thay n = 1 trong (2.30). Ta cé:

(F(xq, ;)= 0,0086341; G(x,y;)=10,0122812;
Fo(x1, 1) = 1,663357; F,(xp,91)=1,1259574;

16 (xq, ) = 2,0750673; Goo(xy,31) =1

P ) 1,663357 1,1259574 1.9997943 .0
X1 = : = dy
1T (2, 0750673 1 |
vé: .
( 0,0086341 1,1259574
xy =0,8316785————— =0,8260619
~3,99979430,0122842 -1 |
< _
1,663357 0,0086341 |
¥y =0,5629787 - ————— = 0,5636079
i —3,9997943 [2,0750673 0,0122842

Dimng lai § budc iap th{ hai, ta nhin dude nghiém gin ding phai tim 1a:
x = 0,8260619;

y = 0,5636079

véi F(x, y) = 0,000032; G(x, y) = 0,0000787, nhu bdng sau: | _

x oy F G Fx F'y Gx Gy J
0.9 0.5 0.06 0.229 18 1 243 -1 4.23
[}.831678{).562978720.00863410-.012284231 66335697/1.125957452.075067317] -1 |-3.99979
0.82606200.56360791{3.194E-05(7.8535E-05(1.65212356(1 .12721582[2.047134205 -1 1-3.95969
0.8260310.56362416 1.19E-09 2 2938E-0011.65206272{1.1272483202.046983416] -1 -3.95852
.8260310.56362416 O 0 1.652062721.127248322.046983411| -1 1-3.95952

Thi du 2.9. Tim nghiém duong cla hé thdng phuong trinh phi tuyén:
F(x,y)=cos(zx)-y* +1.25=0
G(x,p)=x +In(15+y)-1=0
bang phuong phdp Newton |
Gidi
Giai twong t nhy trén ta c6 bang ket qué sau: (Gai bang excel)
X y F < F'x F'y G'x G’y J
05 |0 | 125 10.412572-3.1415026] 0  10.707100.66666-2.094
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f0.89781-0.590 -0.048125 |-0.14771| -0.990614 [1.1817622/0.52766/1.09996/-1.7132

fO.QGSSf -0.490/0.0140385|-0.00638| -0.306673 |0.9812998/0.50796/0.99073-0.8023

f0.9940] -0.49710.0030678 | -0.0001 | -0.059075 [0.9942011/0.50150/0.99710-0.5575

0.9996/-0.4998]0.0001510|-7.8E-06| -0.003125 |0.999698 0.500070.99984-0.5030

0.9999 -0.5 [4.693E-07 |-2.4E-08]-9.732E-06 {0.9999990, 0.5 1  |-0.5000

1

-0.5 4.5781E-12/-2.3E-13-9.4940E-11 1 0.5 1 -0.5

Dimng lai d budc lap thit sdu, ta nhan duge nghiém gin ding phdi tim 12:

vdi

x=1; y=-0,5
F(x, y) = 4.5781E-12; G(x, y) = -2.3E-13.

BAI TAP

Tii]l nhitng khodng cdch ly nghiém thyc cda cdc phuong trinh sau:

a)  xt-dx-1=0 |

b) logpx—3x+5=0

C) X-—cCosX= 0

d)  x*-9x*+18x-1=0

Dung phu’dl"lg phdp chia doi, tim nghiém gin ding ctia:

a) ¥ +3x2-3=0 véi d6 chinh xdc 107, bié’t_ khodng cdch ly
nghiém la (-3;-2), (-2;-1) | |

b) x? loggs(x+1)=1 vdi 36 chinh xdc 107 biét khodng cdch ly
nghiém la (-0,8; -0,5)

Dung phu’dng phzip. lap, tim nghiém gin ding v&i d6 chinh xdc 107,

cla: .

a) W32 _3= 0, biét khodng cdch ly nghiém la (-2,75; —2,5)

b) x—cosx=0

C) vx+ =l

x
Ding phuong phdp diy cung va tiép tuy&n, tim nghiém gan ding véi
d6 chinh xdc 107 cla:
a) x3 +3x +5=0
b) x?+3x+1=0
Diing phuong phdp diy cung, tim cdc nghiém gin ding vdi do chinh
xdc 107 cia phuong trinh  x — cos’nx = 0
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. Tim nghiém duong nhé nhit cda phucong trinh: 2* — 4x = 0 bang
phuong phép ti€p tuyén v6i do chinh x4c 107

. Dung phuong phip Newton tim nghiém gan ding cda hé thong
phuong trinh phi tuy€n:

a/ x +3lgx—y* =0

b/ 2x2 —xy-5x+1=0

cho biét xg = 3,4; yo = 2,2 (tinh ba budc lap)

Ddp 56
. a)(-1; 0y va (1; 2)

b) (0;0,5) va (1;2)

¢) (0,6; 0,8)

d) (0; 1), (2; 3) va (6; 7)

. a)-2,532

b) 0,73

. a)-2,532

b) 0,739
¢) 0,755

. a)-1,155

b) 0,33 va 1,30

5. 0,31152;0,089492 va 1
. 0,30990

. X1 = 3,4899; y; = 2,2633;
‘X, = 3,4891; _ y2 = 2,2621;
x3 = 3,4875; y3 =2,2616;
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CHUONG 3 :
GIAI HE THONG PHUONG TRINH
. DAI SO TUYEN TiNH
§1. DAT VAN PE |
Trong chudng ndy, ta xét viéc gidi he thong phuong trinh dai s tuyén
tinh n phu’dng trinh n &n
(ay72) + a1+ +ay, %, = ay 4

d31X1 + 393Xy +-+t+a5 X, =1 .
J 211 2242 2n*n 2,n+1 3.1

[ Fn1X1 Ty X+t a,, Xy =8y pyl

Trong d6 ay (i,j=1,n) 1a nhiing s& da biét, goi 1a cdc hé s§ cia he
théng phuong trinh (3.1); @41 (i =1,n) ciing 12 nhifng s& da biét, goi Ia
v€ phii clia hé théng phuong trinh (3.1); x; (i=1,n) 12 cdc &n s& phii
tim. Bﬁng cdch ky hiéu: |

an 412 -t g
a a “ea a
4=| %1 22 2n
ay1 42 0 Auy
goi la ma tran hé s0 cGa phuong trinh (3.1).
4
,n+1 ) X
BQ.n+l | X
g b=| T va x= ] 2
\an,n-i»l) Xn

goi 13 véctd v& phdi va véctd 4n s6 clia hé théng phudng trinh (3.1). Hé
théng phudng trinh (3.1) c6 thé viét gon dudi dang:
Ax=b (3.2)

Né&u ma trin hé s6 4 khong suy bién, nghia la:

ay; app - ay,
ay a ea -
41 4y2 *° Guy
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thi hé théng phuong trinh (3.1) ¢6 nghiém duy nhat.
Thét vdy, vi det 4 # 0 nén tdn tai mdt ma trén ngudc 41, Nhén bén
trdi hai v& (3.2) véi 41, nhan dugc:
Alax=a1 (3.3)

x=A"

Rdt 3, (3.3) cho ta nghiém ciia h¢ thong phuong trinh (3.1) va nghiém

4y 12 duy nhdt. Ta da bi€t phuong phdp Cramer gidi ding hé théng
phuong trinh (3.1) bang cdng thifc: :

trong d6 A =detd; A; 1a dinh thic cdp n thu dugc bang cdch thay cot thit
i clia A bang cot v€ phdi b cida hé thdng phuong trinh (3.1).

Nhy vdy, mudn gidi hé théng phuong trinh (3.1) bang phuong phdp
Cramer, ta tinh n+1 dinh thic cip n. Ngudi ta ching minh dudc rang,
.mudn tinh mét dinh thifc cip n cdn (n!)—1 phép cong va (n—1)n! phép
nhin. Piéu d6 chitng t6 rang khi » ting, khéi lugng tinh bang phuong
phiap Cramer ting rit nhanh, dé€n miic khong thé thyc hién dugc trong
thuc t€. Vi vay, ngudi ta phai xdy dung nhitng phuong phip gidi hé théng
phuong trinh (3.1) sao cho khi # 16n, kh01 lugng tinh khong qua 16n, c6
thé thuc hién dudc.

Nhirng phuong phédp gidi hé théng phudng trinh (3. 1) dudc chia ra lam
hai loai: nhitng phuong phdp tryc ti€p va nhitng phuong phdp lap.

_ Phuong phédp tryc ti€p 13 phu’dng phdp cho ta nghi¢m ding clia hé¢
thdng phuong trmh (3.1) sau mét s& hitu han nhitng phép tinh sd cip (vcﬁ
gid thiét khong c6 sai s6 1am tron). Nhu vdy phuong phdp Cramer 12 mot-
phuong phép truc tiép. \

Da&i vdi phudng phdp ldp, ngude lai, nghxem ding x cla hé théng

phuong trinh (3.1) 13 gidi han cia mot day vo han x(k)'nhﬁ’ng nghiém
gin ding. Trong thyc hanh, ta bt budc phii dirng lai mot ky cu thé va

xem x%0) 3 nghiém gin ding cla hé thong phudng trinh (3.1), do do ta
chi nhin dugc nghiém gin ding véi mot sai s8 ¢6 thé ubc lugng dugc.
Viéc chon phuong phdp thich hop gidi hé thdng phudng trinh (3.1), n6i
chung phu thudc vao dac di€m clia ma trin hé s6 4. Chd y rang néu cdc
phin tf clia ma trin hé s6 A ciia hé théng phuong trinh (3.1) déu khdc 0
thi phai diing n® 6 nhé dé chua cdc phén tir d6. Pay chinh la han ch& cdn



52 Chudng 3: Gidi hé thong phudne trinh dai s& tuyé&n tinh

phdi tinh dén khi gidi hé thong phuong trinh (3.1) v6i a 16n trén mdy tinh.
Chinh vi vdy:

- Né&u ma trin hé s6 4 “diy” nghia I3 s6 nhitng phan t bang 0
it vd c¢dp cla ma trin khdng qud 16n, ngudi ta ding phuong

phép truc tiép.

- Né&u ma trin hé s A4 “thua” nghia 12 s6 nhitng phan tif khic 0
it va thudng phan b& & lin cdn dudng chéo chinh, va cip cla
ma trdn I6n, ngudi ta thudng dung nhitng phuong phdp lap.
Nhitng ma trin nhu vay thudng gap khi gidi gin ding phudng

trinh dao ham riéng.

Cén luu ¥ rang viéc lya chon vira néu chi c6 y nghia “néi chung”
khong phai 13 mét nguyén tac ciing nhdc, khong phdi khong cé nhiing
trudng hop ngoai 1€

§2. PHUONG PHAP TRUC TIEP: PHUGNG PHAP GAUSS

(HAY PHUGNG PHAP KHU)

Phuong phdp Gauss 1a mdt phuong phdp dudc diing phé bién dé gidi
hé théng phuong trinh (3.1) khi ma trn hé s& A4 khdng c6 dac dié?rrg gi
(trir diéu kién khong suy bién). DPac biét, ngudi ta thudng dung phuong
phdp nay khi hé s6 4 “day”.

2.1 N§i dung phudng phip
D& don gidn viéc trinh bay, xét hé thdng 4 phuong trinh 4 4n s6 sau

W, + 4@, +4x; +aDx, = o

aVx +alPx, +aPxy +allx, = al¥ o
ag‘i)xl + agg)xz + agg)x3 + agg)xn = agg) -
\afi(:)xl +_a£g)xz + agg)x3 + af‘g)xn = af‘g)

Noi dung cd bdn cda phuong phap Gauss 1a khit dan céc 4n s6 dé dua
hé (3.4) vé hé “tam gidc” tudng dudng (ma trin hé s& cda hé 13 ma trdn
tam gidc trén) '
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-

(1) 0)) 1 1
X1 +ﬂ12 Xy +£1'13 X3 +a§4)x4 = a{s)

(2) (2) (2)

3) (3
(4)
9 ) x4 - a45

sau d6 gidi hé (3.5) tir dudi 1€n trén.
Qud trinh dva h€ (3.4) vé hé (3.5) goi 12 qud trinh thudn, qud trmh hé

(3.5) goi 1a qua trinh ngudc.
a. Qud trinh thudn:

Khit X1 Gid su agl) #0 (a

dAu clia hé (3.4) cho a\} , ta nhin dude:

(1) _

xy + ﬂgz)xz + ag)x:,, + 0%4)3‘ = a%ls)

véi ay —aﬁg)/a(n) j=2,3,4,5.

(3.5)

gm 14 tru thir nhat). Chia phudng trinh

(3.6)

Ding phuong trinh (3.6) khit x; trong ba phudng trinh con lai ctia hé (3.4)
trit phuong trinh (3.6). Muén thé, dem phuong trinh thd hai cia hé (3.4)
(rif phutdng trinh (3.6) da nhan véi aby'; dem phudng trinh thif ba cta hé

(3.4) trit phuong trinh (3.6) di nhin vé6i a®: dem phuong trinh thd oo cua

31

hé (3.4) trir phu’dng trinh (3.6) dd nhin véi a( ) Két qua nhén dudc hé ba

phuong trinh sau:

a
véi u)

Khit_ x,. Gid su am 0 (a

(l)xz +a§3)x3 +ﬂ‘(214)x4 = a%)

1 l 1

(1 (1 (1) ey

A

U

dAu clia hé (3.4) cho agz , ta nhan dugc:

20 _ (tl})a(l_) i=23 4‘-j=2 3.4,5.

3.7)

goi 1a tru tha hal) Chia phuong trinh
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2 2 .
X+ ag3)x3 +a§4)x4 :aé? (3.8)

vdi ag.) = aglj) /agz), j=3,4,5.
Dem phudng trinh thif hai ciia hé (3.7) trir phuong tiinh (3.8) da nhin

vai ag? , dem phuong trinh thi ba ctia hé (3.47) trr phuong trinh (3.8) da

nhin vdi aglz) . K&t qui nhan dugc hé hai phuong trinh sau:

2 2 2
a3 x; +af)xy = af?)

€I C) T ¢ G2
@43 X3+ 44 X4 = 45
voi af = al - aPa?) i=3,4;j=3,4,5.

Khit_xy. Gid sit a{y #0 (a2 goi 1a try tht ba). Chia phuong trinh
ddu ciia he (3.9) cho af va dem phuong trinh tht hai céia hé (3.9) trir
phuong trinh vita nhan dugc di nhin vdi ag) , ta dudc:

x3+aiPxs =al) (3.10)
aPx; =aly (3.11)

B M, 3 G 3 2.3,
- VoI "31_' —a:(‘j)ian,aﬁ —agj’—a43a3j,}—4,5.

Cudi cang, néu agi) #0 (agi) goi 1a tru thi tu), ta chia phucdng trinh
(3.11) cho a3, phuong trinh (3.11) ¢6 dang:
0 a4y g |

x4 =ale (3.12)

vai ag? = afg) laﬁ) .

R rang 13 néu cdc phin tif tru a{?),aglz),ag? va aﬁ) khdc khong
thi hé théng phuong trinh (3.4) tuong duong v6i hé thong phudng trinh
“tam gidc" sau:
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(1) (1) (1), 1)

Xy + ﬂg3)X3 +ﬂ;4)X4 = a(zs)

\ 3) 3) (3.13)
X3 +£134 X4 = 335
4
X4 z":(ls)

L

b. Qua trinh ngugc. Gidi hé thong (3 H) tit dudi 1€n, ta co:

r
x4—“¢(15)
3 _ Dy,
X =4 —-a
|3 =435 T E (3.14)

2)_ (2
2= “55) - “53)-”3 - “54)"4

1 1

Chi y rang diéu kién de ap dung phuong phap Gauss [a c4c phan t
tru phai khic 0.

2.2 S¢ do tinh
Phan tich qua trinh dp dung phudng phap Gauss ¢ muc 2. 1 ta thay dé

dwa hé thong (3. 4) vé& hé thong “tam gidc” wong duong (3.13), chi can
t1nhcach¢soa (; 25) a(l)(z-24 j= 25) az)(j 35)

(.2) (i=3, 4'j_=3,5), a_%), 3) (j=4,5)va a( ) Két qua tinh, trong

trudng hdp khong ding may tinh dién t, thudng dugc ghi thanh béng, goi
1a sd do Gauss, trong dé cot ¥, dung dé€ kiém tra qud trinh tinh.

2.3 Kiém tra qua trmh tinh
Khi khong diing mdy tinh di€n tir, dé c6 thé kiém tra ting budc qué
trinh tinh cda phu‘dng phip Gauss, ngudi ta diing “t6r g kiém tra”

ald = Z ol i=1,2,3,4 (3.15)
j=1

(n6 chinh la t8ng nhirng phan tf thude hang i cha ma trin hé s& A va s0
hang vé phél twong tng) nhu mot v€ phai mdi cliz hé thong phuong trinh
(3.4) va xét hé thong phuong trinh:
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4 .
a%; =al,i=1,2,3,4 (3.16)
j=1
Ré rang 1a
X;=x;+1, j=1,2,3,4 (317

That viy, thay (3.17) vao (3.16) do (3.4), ta nhin dugc:

4 4 4 4

(0)— _ (0) - (0) (0)
Z‘Zij Xj= Z“ij (xj+1)— Zaij X;+ Zaij .d
Jj=1 Jj=1 Jj=1 j=1

4 5
0) 0 .
= a}s) +Y ag- )= > ag)) = a‘(g), i=1,2,3,4
j:] j=1

V1 d6i véi mdi phan t& cda cot ¥ ta déu thuc hién nhitng phép tinh
giéng nhu ddi véi nhitng phén tf céa nhiing c6t & bén trdi cot ¥ vA nam
trong cung mot hang véi phin tf clia cot ¥, nén néu khéng 6 sai s6 tinh
todn thi nhitng phén ¥ clia cot ¥ phai bang tdng nhitng phin ot tuong dng
cla nhitng phin o tvong dng cda nhitng cft § bén trdi cot }. Hién tugng
nay dugc ding dé ki€m tra qu4 trinh thuin. Qu4 trinh ngugc dugc kiém tra
bang hé thic (3.17). |

S¢ db Gauss

Xy X2 X3 Xy _S? uh;l:g ' Z. S;i
R I I T T I
AR CE IR
WA
9 | W | 3
L[ a | oy | & | & aje
a | af) | off a3 ahe
ay | o | off a3 asg
ay | | o) a3 ajg
L @) | afd | R | &P
(2) (2) (ﬁ (2)

“33 %34 “35 %36
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Pe] @ @
7 R - A 74
FAN
|

I 1 izl ? ? )

- —— = &

1 X2 . -}:2 5 =
1 - Xy X

Né&u khi tinh todn c6 sai s0 lam tron thi bat ddu tir hing thi 5 trd di
(trong s6 46 Gauss) phin tif & cot Y va tdng nhitng phan ti ciing hang va &
bén trdi né dugc phép léch nhau trong pham vi gidi han cla sai s6 lam
tron di pham phai. Mot su chénh Iéch 16n chitng t6 dd ¢6 nham lan trong
qué trinh tinh todn.

Nhan xét :

1. So d6 Gauss néu trén hoan toan ¢é thé mé rong cho hé théng n

phudng trinh # an s8.

2. N€&u ma trin hé s6 A cla hé théng phuong trinh xuit phat doi

xitng, nghia la @ =aj;, thi ciin ci vao cdc cdng thic (3.6), (3.8)

va (3.9) dé dang thiy rang a;’ = aﬁ.}), agf?) = af'.?), nghia 12 nhitng
ma (rdn trung gian
n @ A1) '
dy; @y3 44 2) (2)
m_{, o @ @ 2) | 933 934
AV = a3, d33 434 A( ) = (2) (2)
a a,
T (1 (1) 43 44

Y2 Y43 44 |
cling ddi xitng. Do dac diém nay, trong sd dd Gauss, ta chi cin tinh

1 ¢ P , f . a2 e A
a;” va ag” VO J =i, vivay khoi lugng tinh todn s€ gidm di gin

mot nra.
2.4 Khdi lwgng tinh
Xét hé théng n phuong trinh # in s6. Cin cf vao nhiing cong thic
tinh ctia phuong phdp Gauss, ta dém dudc sO cdc phép tinh cdng, trlr, nhin
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vA chia §,, chn phii thyc hién gbm (khong k€ céc phép tinh ddi v céc
‘phint¥ciacotkimtraY: .

| '_'.'_("_,'_'.l_)éz”'*s) phép nhin

Bt phép chia

n(n— 1)é2n.f 5)7 phép cong hodc trif

. 4 3 2 _
Viy: S, =— +9: " hép tinh. | o
" Chang han khi n=5, Sg=115 phép tinh; khi #=10, S;p =805
phép tinh; khi n=100, sjq9 = 681550 phép tinh. So véi phuong phip
Cramer, phuong phap Gauss ddi hdi it phép tinh hon nhiéu, nhat 12 khi » -
phii 16n. Chinh i vy, phuong phdp Gauss 1a mdt phwong phap rat phd
bign va rit hidu qud d€ gidi hé thdng phuong trinh (3.1). Vige ap dung
phuong phdp Gauss cang c6 1gi khi cAn gidi dbng thdi nhidu hé théng
_phuong trinh dai s6 tuy€n tinh c6 cing ma trin hé s8, chi khéc nhau & v&
~ phéi. N _ : -
Né&u ma trin hé s& ciia hé thdng phuong trinh d5i xing thi s6 cdc phép
tinh cdng, trlY, nhan va chia S, cin phai thyc hién gdm ( khong ké cc
- phép tinh ddi vdi céc phan tf ca c{t ki€m tra ¥ ): |
n(n —lz(n +1) phép nhan

nntl) phép chia

- n(n -12(,: 1) hep cong hoae it

_ 3 2 . .
Viy: §, = 2n” +2n L ‘phép tinh, nghia 12 gidm hon m6t nifa so v6i

tredng hop ma trin hé s A khong d6i xdng.

2.5 Sai s6 cia phuong phap Gauss. |

N&u cdc phép tinh cong, trit, nhan va chia lam didng hoin toan v
khong phii lam tron thi phudng phdp Gauss cho ta nghiém ddng cla hé
‘h6ng phuong trinh (3.1). V1 vdy, phuong phdp Gauss 12 mdt phuong phdp
d6ng. Tuy nhién, trong tinh todn, khong trdnh khéi sai s& lam trdn, cho



“nén trong thytc 1€, ding phu’dng phép Gauss @ cung chi nhﬁn dmjc

Chi §:

: Nghlém m xl =1, xz =2, x3=3, X4 =1.

nghiém gén diing.
Thi du 3.1 Ding phuong phép Gauss g:ﬁl chc he phu'dng tr'(nh tuyé'n
tinh Ax=b sau: _ _ .
| 2z 1 01 1.7 [217
|04 05 4 85 1219 3.18)
03 . 1 52/ |39
1 02 25 -1 | |99
P Gidi:
1 @ | x| X s‘t’u"::“ E | rion
1 0.1 1 2.7 6.6 -
2 04 | o5 [ 4 | -85 | 2197 183
3 0.3 T 1 - | 52 | -39 T 16
4 1 02 | 25 4 | 959 12.6
sl kil 05 | 0051 05 1.35 £
6 0_ S 4.02 8.7 | 21.36 2
7 0 | -1.45 | 1.015 | 505 | 4.305 ho
8 o | 03 [ 285 | 15 | 855 -
9 Coadl 134 | 29 | T2 g .
10 0 184258 -28.3 | 77.575 o
11 o | 657 | 102 | 29.91 -
12 TR0, 5 |-1.722983]4.722983
13 0 PtaAEs «1.12
14 N
I 15 ) B oA oA
16 - . : %ﬁwﬁ 'E -,3 mk -.g o gﬂ
7 | s 2 o5
e o e g o B

1. & cots, lic ddu, ta gai cong thic 12 tdng ciia 1t ci cdc cOt & bén trél
- pho mﬁGSc cho
thuat todn Gauss, nhung dé kiém tra, thi chiing vin 1a tdng ctia tht ci
cdc cOt & bén trdi n6. N&u khong ding dléu ndy t,h! thuat to4n bj nhﬁm

16, va tiY hang th@ 5 trd di, cdc k&t qud cla cht ndy, ta

1&n chd nao rbi!

2. Néu don gian ta, ta khong cinlam cth

3. Cidch Gai cdng thitc:

+ 'AS: A2/$AS2, sau d6 kéo A5->E5



60

Chuong 3: Gidi hé thdng phudng trinh dai s6 tuyén tinh

AG6: -$A2*AS5+A2, sau d6 kéo A6->ES6,
sau d6 kéo cd hang xudng A6-E6 --> A7-E7, --> A8-E8

Chii y c6 dinh c6t A: $A2, ¢ dinh hang 5: A$5, lam hé&t 1 chu k.

Cic chu ky khdc lam twong tu.

TT A B C D E
1 2 1 -0.1 1 2.7
2 0.4 0.5 4 8.5 21.9
3 0.3 -1 1 5.2 -3.9
4 1 0.2 25 -1 9.9
5 I 0.5 -0.05 0.5 1.35
6 0 0.3 4.02 87 | 2136
7 0 -1.15 1.015 5.05 -4.305
8 0 0.3 2.55 -1.5 8.55
9 1 0.5 -0.05 0.5 1.35
10 0 1 13.4 229 71.2
11 0 0 16.425 -28.3 77.575
12 0 0 6.57 -10.2 29.91
1 0.5 -0.05 0.5 1.35
0 1 13.4 .29 71.2
0 0 1 -1.722983 | 4.722983
0 0 0 1.12 -1.12
1 0.5 -0.05 0.5 1.35
0 1 13.4 29 71.2
0 0 1 -1.722983 | 4722983
0 0 0 1 -1
1 -1
1 3
1 2
1 1

Thi du 3.2 Dung phuong phdp Gauss gidi cdc hé phuong trinh tuyén tinh
Ax=b sau:

0.66

1 042  0.54 0.3 ]
0.42 1 0.32  0.44 0.5
A= b= (3.19)
0.54 032 1 ° 022 0.7
10.66 044 022 1 0.9

Giai:
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Chd y rang ma triin hé s A clia hé (3.19) d6i xitng, nén cdc ma trin trung -
gian AM | A2 cing d6i xing (xem lai nhdn xét 2, va cdc 6 ddnh mau §
dirdi ) va ta chi cin tinh nhitng phén ti nam ngay trén dudng chéo chinh
cla cdc ma trin Am,A(z). k&t qua tinh todn dugc ghi trong bdng sau:

R E R R
1 0.42 0.54 | 0.66 0.3 2.92
0.42 1 0.32 | 0.44 0.5 2.68
0.54 0.32 1 022 | 07 2.78
0.66 0.44 0.22 1 0.9 3.22
1 0.42 0.54 0.66 0.3 2.92
0 0.8236 | 0.0932 | 0.1628 | 0.374 | 1.4536
0 0.0932 | 0.7084 | -0.1364 | 0538 | 1.2032
0 01628 | -0.1364 | 0.5644 | 0.702 | 1.2928
1 0.42 0.54. 0.66 0.3 2.92 O
0 1 10.1131620.197669 | 0.454104 | 1.764934| = E
0 0 |0.697853 | -0.15482 | 0.495678 |1.038708| & I
0 0 | -0.15482 0.53222 |0.628072|1.005469 =
1 0.42 0.54 0.66 0.3 2.92
0 1 [0.113162]0.197669 | 0.454104 | 1.764934
0 0 1 -0.22186 | 0.710289 | 1.488433
0 0 0 |0:497871[0.738041|1.235912
1 0.42 0.54 0.66 0.3 2.92
0 1 |0.1131620.197669|0.454104 {1.764934
0 0 K -0.22186 | 0.710289 | 1.488433
0 0 0 1 [1.482393(2.482393
1 |1.482393|2.482393
1 1.039166|2.039166| = 2
1 0.043487[1.043487| &
1 -1.25779 | -0.25779 | © §_

Va nghiém la: x| =-1.25779, x,=0.043487, x3 =1.039166, x4 =1.482393.

2.6 Phuong phap Gauss ¢6 tim tru lén nhat
Qué trinh Gauss trinh bay ¢ muc 2.1 s€ khong thuc hién dudc néu mot

0 (1 ()

trong cac tru ay;”, @y » 433 (3) bang khong, du hé théng phuong trinh

a’

44
cé nghiém duy nhA'. Ngozn ra, néu dinh thic cia hé thoéng phudng trinh
khic khong, nhung n€u mot vai phan ti try vé tri tuyét déi rit nhé han so
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v6i nhitng phan tf con lai trong cing hang thi khi chia cdc phin tit 4y cho
phén td try, sai s& s& 1am tron, do d6 c6 thé 1am gidm nhi€u d chinh xéc
cta nghiém tim duoc. :
Dé khac phyc nhitng han ch€ vira néu, ngudi ta thudng ding phuong
phdp Gauss ¢6 tim tru 16n nhit. N§i dung cia phuong phdp nay nhu sau:
Khi khit x; trong so dé Gauss, ngudi ta chon s& 16n nhdt vé tri tuyét
® @ ) (0

d6i trong cdc sO ayy’, a3y, 431, a41) 1am tru thit nhat va goi 13 tru 16n

nhat thit nhat. Sau d6 ta hodn vi hang chia try 16n nhat thi nhédt véi hang
thit nhat d€ tru 16n nhdt nam & hang 1 cdt 1 ctia sd d6 Gauss (nghia 12 8
hiang 1 cot 1 cia ma trdn hé s6 A), vd qud trinh khit x; dugc ti€n hanh

nhu ¢ muc 2.1a.

Khi khit x, trong sd 46 Gauss, ngudi ta chon 6 16n nhdt vé tri tuyét
doi trong céc s6 aglz), aglz) , aglz) 1am tru thd hai va goi 12 try 16n nhét tha
hai. Sau d6 ta hodn vi hing chda tru 16n nhit thit hai v6i hang chifa phin
tr aglz) d€ tru 16n nhat thi hai nam ding & hang 6 cét 2 clia sd dd Gauss
(nghia 13 & hang 1 c¢6t 1 cia ma trin trung gian A(l)), va qud trinh khi¥
xy dudc ti€n hianh nhu § muc 2.1a. _

Khi khit x5 trong sd d5 Gauss, ngudi ta chon s& 16n nhdt vé trj tuyét
déi trong cic s& a%), a‘(‘? lam tru thi ba va goi 13 try 16n nhit th ba.
Sau d6 ta hodn vi hiang chita try 16n nhit thi ba vdi hang chita phin t
a%) dé tru 16n nhdt tht ba nim ding & hang 10 c6t 3 clia so d6 Gauss
(nghia 12 ¢ hang 1 c¢§t 1 clia ma trin trung gian AP, va qué trinh khi
x4 dugc tién hanh nhu & muc 2.1a.

Chi ¥ rang so dd Gauss ¢6 fim tru 16n nhit néu trén hodn toan c6 thé
dp dung cho hé théng » phuong trinh » in.

Thi du 3.3 Dung phuong phap Gauss, im tru l6n nhat d€ gidi cic
hé phuong trinh tuy&n tinh Ax=b sau diy:

2 6 2 8 16
1 4 2 2 5

A= b= (3.20)
1 1 2 4 9
i 1 1 1] |2
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Qud trinh thudn:
Viét céc hé s8 a, i=1,2,3,4; j=1,2,3,4,5 clahé théng phudng trinh

i
(3.20) viio 4 hang ddu va 5 cot ddu cla bang sau. Cot T 12 tdng cia 5 cot
bén trdi nd. _

Vi ag]):?. I3 50 16n nhat vé tri tuyét ddi trong cdc s8 2, 1, 1, 1 nén
tru 16n nhat 13 2, né di & ding hing 1 cot 1 cla bang. Ti€n hanh khit x;,
ta nhin dugc két qud ghi & cdc hang 5, 6, 7, 8 cla bing.

So sanh cdc s6 1, -2, -2, vé tri tuyét d6i, ta thiy rang c6 thé chon
aglz) =-2 hoac aslz) = -2 1am tru 16n nhat thit hai. Chang han, ta chon aglz)
lam tru 1dn nhat thit hai, khi d6 ta phdi hodn vi hang 7 v6i hang 6 cla
bing. K&t qud ghi § cdc hang (6’) ,(7/ ) ,(8/) ctia bang. Tién hanh kh
xy , ta nhan duoc két qud ghi § cdc bang 14, 15, 16 ctia bdng.

Vi ag? = 1.5 13 s6 16n nhit vé tri tuyét doi trong cdc s6 1.5 va

_1, nén tru 16n nhit thit 3 12 1.5, n6 dd § ding hang thit 15 cda bdng. Ti€n
hanh khi¥ x5, ta nhan dugc k€t qud ghi § cdc hang 19, 20 cia bing.

So han

X X5 x3 X4 oo tt
2 6 2 8 16 1
1 4 2 2 5 2
1 1 2 4 9 3
1 1 1 1 2 4
1 3 1 4 8 5
0 1 1 -2 -3 6
0 2 1 0 1 7
0 -2 0 3 -6 8
1 1 4 8 9
0 1 0 1 (6/) 10

/
0 1 1 2 3 (7 ) 11

/
0 2 0 3 -6 (8 ) 12
1 3 1 4 8 13
0 1 0 0.5 14
0 0 -2 2.5 15
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0 0 -1 -3 -7 . 16
3 1 4 8 17

0 _ 05 0 -0.5 18
0 1 -1.33333 | 1666666667 19

0 0 0 -4.33333 | -8.666666667 20
1 3 1 4 8 21
0 1 0.5 22
0 0 -1.666666667 23
0 0 2 24
2 Xyq 25

1 X7 26

1 Y ol } 27

1 1 x; | 28

Qud trinh nguyc: Ta c6:

x4=a§?:2, x4=ag?=3=x4+1

- _ 4
X3 =a§?~n§i)x4 :—'2—[—5]X3: 2= X3 +1

Xy = ag? — ag).g - agi)x4 =-0.5-(-0.5)x1=0.

Xy = a‘g_? —agi).g —agi)x4 =0-(-0.5)x2=1=x; +1.
xp =ald —al) xy —alP g —a{)x, =8-3x0-1x1-4x2=-1.

Xy = aﬂ[’) —a%,lz)xz —ag).\':; —ag). 4 =17-3X1-1x2-4x3=x;+1.
Tir bang trén ta nhin dudc nghiém clia hé théng (3.20) 1a:
©xy =1, Xy =0, x3=1, x4 =2. |

2.7 Tinh dinh thnic biing phuong phip Gauss
D¢ tinh dinh thic
app 42 di3 dpy
@y dpy 43 44
a3 d33 433 dyy
ag1 4y 443 dy4q|

det(A) =

ctia ma trin: ajp 4 a3 dyyg

dyp dp; 433 dyy
31 43 33 4d3y
agy dyy d43 dyy
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ta 4p dung qud trinh thun ciia so db Gauss trong d6 khongc6 cot s0 hang
t do. K&t qud ta nhan dugc ma trdn tam gidc: '

M @ M)
1 a aj,

ajy
(2) (2)
B= 0 1 a7 ayy

(3)
0 0 1 df
o0 0o 1

Nhitng phan t cla ma trdn tam gidc B lin lugt nhin dtrdc tt nhimg
M A(Z) A(3)

phin t cla ma trin A va cla nhtrng ma trin trung gian A4
bang nhitng phép bié€n dm sd cAp sau: _
a. Chia cdc hang diu clia ma trin A va clia nhiing ma trin trung g1an

(l), AP A (ma trdn A( ) chi gdm mot phan tit a44) ) cho cdc try
khic khong ag]]) (a}ll}) =ay), aglz),a%),aﬁ) Khi @6 dinh thitc cua ma
trin A cling phai chia cho cdc tru trén.

b. Trit khéi cic hing cla ma trdn A va clia nhitng ma trdn trung gian
AD - 4? c4c hang ddu déu nhan duge tr phép bi€n ddi a ctia nhitng ma
trin 4y dd nhin v6i mot s8. Khi d6 dinh thic cta ma trin A khong, thay
d8i gid tri. Vay ta c6:

_det(4)/
| 411 4277433 a4
tw do
det(A) = a({}) rglz) a_%) a‘(‘? . (3.21)

Né&u ta d4p dung qud trinh thudn cta sd d8 Gauss ¢6 tim tru 1dn nhat, thi
mdi 14n hodn vi hai hang vdi nhau, ta di 1 d&i ddu dinh thic ctia ma trin .
A do do: _

det(A) = (-1)? a{Paly) a$? aly (3.22).

trong 46 a,aby,a$3) 1 cdc try 1n nhdt the nhat, thit hai, thd ba, p 13

s8 14n hodn vi hai hing.

Nhan xét:
1. Nhitng cdng thic (3.21), (3. 22) hoan toan co the md réng dé tinh

dinh thifc cdp # clia ma trin vudng cip n.
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2. So véi cdch tinh dinh thic bang phuong phdp Laplaxd, phuong phdp
" Gauss doi hoi it phép todn hon nhiéu, nhat 12 khi # 16n.

3. Khi 4p dung phuong phdp Gauss gidi hé phuong trinh Ax=5, ta c6
thé nhin duge ddng thdi nghiém va dinh thifc clia ma trin hé s6 A cia hé
théng phudng tfinh. |

Thi du 3.4 Dung phuong phdp Gauss, tinh dinh thiic A, sau d6 gidi cdc

~ hé phuong trinh tuyén tinh Ax=b sau day:

74 22 3.1 0.7} [17.3]
1.6 48 -85 45 23.7
A= ,b =
47 17 -6 6.6 24.1
59 27 49 53] 6.8 |
Giai:

Két qui tinh todn dugc ghi trong bing sau.

3.6024

A= 7.4 %4.32432 x 6.11332 x(-7.58387 ) = - 148

Xy *2 X3 X4 sfuh:;'g
74 | 22 -3.1 0.7 17.3

1.6 4.8 -8.5 4.5 23.7

47 7 -6 6.6 24.1

59 2.7 4.9 5.3 6.8

17 0.297297 | -0.41892 | 0.094595 | 2.337838
0 | 4324324 | -7.82973 | 4.348649 | 19.95946
0 5.602703 | -4.03108 | 6.155405 | 13.11216
0 0.945946 | 7.371622 | -5.85811 | -6.99324
1 0.297297 | -0.41892 | 0.094595 | 2.337838
0 1| 181063 | 1.005625 | 4.615625
0 0 6.113313 | 0.521188 | -12.7478
0 0 | 9.084375 | -6.80938 | -11.3594
1 0.297297 | -0.41892 | 0.094595 | 2.337838
0 1 -1.81063 | 1.005625 | 4.615625
0 0 | 1 ]o.085255 | -2.08525
0 0 0 -7.58386 | 7.583859
1 3] 0.297297 | -0.41892 | 0.094595 | 2.337838
0. | 1 | -181063 | 1.005625 | 4.615625
0 0 | 1 {0.085255]| -2.08525
, , T,

| =
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R
z o | xz" -
o boep

2.8 Tinh ma trén nghich ddo biing phuong phdp Gauss'

Cho ma tran khong suy bi€n cip 4

ain M2 413 a4
4= a1 ayp a3 _“24
a31 43 433 4y
41 Q43 a43  A44
Pé€ tinh ma trin nghich dio: . |
11 X122 *13 X4
41| f21 ¥z X3 X4
X31 X32 X33 X34
X41  X42 ¢ X43  Xaq |
clia ma trdn A, ta dua vao dinh nghia ctia ma trdn nghich dio:
A4 =E
hay
(81 e2 a3 @y [ *n1 X2 X33 X4 10
@ 4y 4y dy || X3 Xy X3 Xy | [0 1
a3 a3y 433 a3z || X33 X33 X33 x| (00
41 @4 A43 44 )\X41 X4 x43 xa4) \0 0
Tit d6 suy ra 4 hé thdng phuong trinh sau: |
(x11) (1) (x12) (0)
4 X1 0 ; 4 x;z _ 1
X3 |0 X321 (0],
\xq1) (0) \xg2) \0)
(x13) (0) (x14) (0)
4 X493 0 4 X24 | _ 0
X33 |1 X34 | |0
\¥43) \U) \X44) \1)

Bon hé théng phuong trinh trén ¢6 ch

T N — T —

-0 o o

ung ma trin hé s A, chi khdc

nhaw-& v€ phdi. Do dé, cé thé ding phuong phip Gauss gidi ddng thdi 4
hé thdng phuong trinh va vi€t k&t qua tinh todn vao mot bang chung.
Nhin xét
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1. Phuong phdp néu trén hoan toan c6 thé md rdng d€ tinh ma trdn
nghich ddo ctia ma trdn vudng cAp n khong suy bién.

2. So v6i cdch tinh ma trin nghich ddo bang dinh thifc, phu’dng phap
néu trén doi hoi it phép tinh hon nhiéu, nhat 1a khi n 18n.

Thi du 3.5 Ding phudng phap Gauss, tinh A™, biét

1 0 1 2
-1 2 3 1
A=
- 0 ) 1
0 2 1 2
| Gidi

Trong bang ndy ta viét 4 cot clia ma trdn A, 4 ¢4t s8 hang ty do cia 4 hé
thong phudng trinh phai gidi va cft kiém tra Y., sau d6 qud trinh tinh todn
hoan toan gidng thi du 3.1.

x| Xay | X3 | Xy | | g2 | =3 ] X t?i‘:;l
1 | o 1 2 1 0 0 0
-1 2 3 1 0 1 0 0
4 0 2 1 0 o | 1 0
0 2 1 2 0 0 0 1
1 | 0 1 2 1 0 0 0 5
o | 2 1 4 | 3 1 1 0 0 11
0 0 -6 7 -4 0 1 0 16
0 2 1 2 0 0 0 1 6
1 0 1 2 1 0 0 0 5 <
0 1 b o2 12| w2 | an 0 0 51/2| ‘E <§.
0 . 0 -6 -7 -4 0 1 0 16 'S £
0 0 3 1 -1 1 0 1 5 ©
1 0 1 2 1 0 0 0 5
0 1 2 112 | 112 1/2 0 0 51/2
0 o | 1 l1we | 23 0o | -uwe | .0 2213
0 0 0 [ 212 1 -12 | 1
SO M A O I T I W I 0 0 5
0 1 | 2 12| 12 | e 0 0 51/2)
0 0 el 1we | 23 ] o0 | -we | 0 2 2/3
0. 0o |.0o-| 1 s | -us | -us | s 11/5
1 | 2 | -us | -wus .| 25 115
1 vs | s | s | -5 | 114 =
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g 12| we. | we | 134 116
i S0 | 13 3 | =13 11/3

Ma nghich d3o 13 dém ngudgc thif tv trd 1én clia 4 hing cubi cling:
[ 13 13 -13]
-1/2  1/6 1/6 1/3

1/5 - 715 1/15 -17/15
25 -5 -15 25 |
Néu § giai doan cudi ta x{¥ Iy nguge, nghid 13 d€ cdc s& 1 § 2 giai doan
cudi song song nhau

A1=

SE 0 1 2 1 0 0 0
-1 2 3 1 0 1 0 0
4 0 2 1 0 0 1 0
0 2 1 2 0 0 0 1
1 0 1 2 1 "0 0 0
0 ) 4 3 1 1 0 0
0 0 -6 7 -4 0 1 0
0 2 1 2 0 0 0 1
1 0 1 2 1 0 0 0
0 N R 2 1172 1/2 1/2 .0 0
0 0 -6 7 -4 0 1 0
0 0 -3 -1 1 -1 0 1
1 0 0 0
0 1 0 0
0 0 -1/6 0
0 0 -1/2 1
1 e 0 0
0 oL 0 0
0 0 - 1/6 0
0 0 -1/5 2/5
i _ 0 < N RS Vi)
i 1 -2 | w6 | w6 | 13
B s | s | s | -ns
1 s | -2!5 S 1/5 s

thi ta ¢6 ngay ma trin ddo d theo thif tw nhu bidng thiét k& trén.

g ’ A -~ .'
2.9 Chuin ctia ma trin va chudn cia vécto
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Chudn cla ma trin A= (a :) 12 mot s& thuc ky hiéu ||A|| thda min

nhiing dleu kién sau:
a. 4|20 (véi |4|=0e 4=0 )
b. Jo|= el @ 1a 55 the vai -] = | 4]
c.|a+B|s|al+|s]
a. 4B < |
Ngudi ta thudng ding ba chudn ma trin sau:

, “A”l =mgx2’aij| (chudn cdt) ]
iy

||A”2 = [Zla,j ZJ (chudn Oclit)
i .

”A“W = max Z]a,}-‘ (chuin hing)
| i 5 _

2 -1 4
Thidu 3.6 Cho A=|5 3 2/, tinh ||A||1 ||Al2,"A||
6 -7 3
Giai:
Ta cé:
,||A|!1~maXZ j|= max(2+5+6, 14347, 44243) = 13

1
1

‘1
|4, = [Zl ;,]J (22+12+42+52+32+22+62+72+32)2=(153)5

4L =m?x2‘a,-jl= max(2+1+4, 5+3+2, 6+7+3) = 16 .
, |

Vectd 12 ma trin chi c6 mot cot, do d6 dobi vdi vecto:
x2 . 2
. x=| | tacd3chuinsau:
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e =bel el ot el = 3 e

. . ) : l - .
2 _ n A . r
R =[z |x,.;2J
=1

ol =max

1
, 2|
Thidu3.7 Cho x=| . | tinh <l 1<l ]
-5 ]
Giai:
[y =t |+l ot ] = 3| = 1424345 = 11
| i=1
Jly =1+ 2 +[a + |- =397
”x”m = m'flx|x,-| = max(1, 2,3,5) =5 -
1

2.10 Sy khong on dinh cia h¢ théng phuong trinh dai s§ tuyén tinh

Trong tinh todn thic hinh, ta c¢é thé gap nhitng hé thong phudng trinh
dai s tuyé&n tinh ma nhitng thay d8i nhd trén cdc hé s6 hoac trén cdc phin
tit & v& phdi ciia hé théng phuong trinh s& gdy ra nhitng thay d6i rat 16n vé
nghiém. Hé thong phuong trinh nhu vAy goi 1a hé thdng phuong trinh
khong 6n dinh trong tinh todn. Néu ngudc lai, hé thong phudng trinh goi
1a 6n dinh trong tinh todn.

Thi du3.8 Hé théng phuong trinh:

| 2x1+x7=2
| {le +1,01x, = 2,01
c6 nghiém x; =0,5 va x, =1, trong khi d6 hé théng phuong trinh véi
céc hé s& clia xy,x, vd v€ phdi ciia phudng trinh th hai thay d6i “doi
chiit” & chi¥ s6 1& thi hai sau ddu phay:
‘ 2x1+x;=2
{2,01):1 +1x, =2,05
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¢S nghiém x; =5 vd x,=-8 (khic nhiéu so vdi x'l =0,5 va x =1).
Viy hé théng phuong trinh da cho & mot hé thong phu’dng trinh khéng dn

dinh trong tinh todn.
Thi du 3.9 Hé théng phuong trinh:

(10x; +7xy +8x3 +Tx4 =32
Txy+5xy +6x3+5x4 =23
8xy +6x; +10x3 +9x4 =33

| 7x1 +5x; +9x3 +10x4 =31

¢6 nghiém x| = x5 = x3 = x4 =1, trong khi d6 he thong phu'dng trinh véi

vE& trdi gilt nguyén, vé€ phéi thay d6i “chut it” va 1an lugt bang:
32,1, 22,9; 33,1; 30,9

c6 nghiém x; =9,2;x, =—12,6;x3=4,5 vd x4=-1.1 (ching t6 mdt
thay d&i cd 0,1 trén nhitng phin t clia v& phai din dén bi€n ddi cd 12,6/1
(so sdnh 12.6 véi 1, bi€n d&i 16n nhat trén nghiém). Con hé th6ng phuong

trinh v&i v€ phai glu’ nguyén, nhifng phin tif cia ma trin hé sd thay doi
“chat it™

(10, +7x) +|8,1x3 +|7,2x4 =32
l7,08x1 +|5,04XZ + 6x3 +SX4 =23
8x; +(5,98x; +|9,8%x3 +9x4 =33
=31

—

cé nghiém x; = -81; 3&2 =137;x3 =-34 vd x4 =22 (irong trudng hgp nay
nhitng thay d8i rit nho trén nhitng phén tf céia ma trin hé s6 da 1am thay
déi hoan todn nghiém cta hé thdng phuong trinh). Viy hé thong phudng
trinh da cho ciing khéng 6n dinh trong tinh todn.

Céch don gidn nhat dé nhan biét mdt hé thdng phudng trinh tuyén tinh,
Ax=b cé 6n dinh trong tinh todn hay khong la bén canh viéc gdi hé
théng phudng trinh di cho, ta gidi thém hé thong phuong tinh Ax =5
véi cdc phdn tit clia By sai khdc cdc phin tif ciia b rét it. Néu nghiém cia

hé théng phuong trinh ndy khidc ding ké so ydi nghiém cia hé thdng
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phlrdng trinh da cho thi hé thong phudng trinh da cho khong &n dinh trong
tinh todn.

Ngoai ra, ngudi ta chitng minh dugc ring dai lugng Cond(A) x4c dinh
bdi: | '
Cond(4) = Alj|47"|
(@ diy |4] 1a m6t chufn ma trin nio d6) do mitc do nhay cim cla
nghiém x ciia hé thong phufdng trinh Ax =b ddi véi nhitng thay ddi trén
~cédc phin tif ciia ma tran hé s8 A vi clia v& phdi b, nghia 12 do mdc do 8n

dinh cta hé thong phuong trinh Ax = b.

Cond(A) 1én chli’hg t6 h¢ thong phuong trinh Ax=5 khéng 6n
dinh trong tinh toan. Cond(A) cing gan 1, hé thong phu’dng

trinh Ax b cang on dinh trong tinh tosn.

Trd lai vi du 3.8 va 3.9 ta thdy rang ddi véi:

2 1
‘Al =
2 1,01

thi Cond(A)=|4y],| 47| =501,005; con di vois

10 7 8 7

7 5§ 6 S
A2=

8 6 10 9

75 9 10

thi Cond(A,)=2984,108.
Chd § rang dinh thic cia ma trin 4; [ 0,02 va:

4 (50,5 -50
‘AI =
-100 100

nhung dinh thdc cia ma trin d6i xidng A4, 13 1 va:
25 41 10 -6
4 |1 68. -17 10|
Tl -7 s -3
-6 10 -3 2

ciing 12 ma trin d&i xdng.
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P& ning cao do chinh xdc clia nghiém khi gidi hé thdng phuong trinh
khong &n dinh trong tinh todn, ngidi ta ¢6 thé ding dd chinh xdc kép doi-
v6i cdc phép tinh trung gian nhung bién phdp ndy tn nhiéu thdi gian tinh
todn, do d6 khong kinh t€. Mot bién phdp khdc la ding qud trinh lip
nhy san:

Xét hé thong phuong trinh:

(ay1%) +a12%2 +ay3%3 +a14%4 = by

) y1X] + a9 Xy +ay3X3 +ax4x4 = by
a3y Xy +azp Xy +ay3xy +ayyxy =by

(3.23)

ka41x1 +a42x2 +a43x3 +d44X4 = b4 .

Gii s ¥;,X,,%¥3 vd X4 la nghiém gdn ding tim dugc. Thay ching
& trdi coa (3.23), nhan dugc nhitng gid tri mdi cla by,by,by va by la

__-_va , IZN1d 1a.
by,b3 vi by, nghia 12

ay Xy + a1 Xy +a13X3 +a14%4 = by
31%) +8y%; +ay3 %3 +ay Xy = b

R e T (3.24)
a31%) +a33%7 +a33X3 +a34%4 = by

a1 Xy +agXy) +a43X3+ag4xq =by

Pem mdi phuong trinh chia (3.23) trir phuong trinh tudng Wng cla
(3.24), nhin dudc: _ .
"‘1191 +ay ey tajey +aj ey = dl
| 2161 T axey +azsey +arsey =dy

_ . (3.25)
ayie) +azye; +azze; +ay ey =dy

(9411 + 4267 +ag3e3 +a4q€q = dy

trong d6 ¢; = x; —X; va d; =b; —b; (i=14). Biy gid, ta gidi hé thong
phuong trinh (3.25) ddi véi e, €5, e3 va ey4.
Vi _
e; =x;—X;,nén x; =X; +e; (i=f,7$) _
12 nghiém gin ding t8t hon clia (3.23). D€ nidng cao hon nifa do chinh xac
cta nghiém, ta c6 th€ lap lai qua trinh trén. |
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§3. NHUNG PHUONG PHAP LAP

Nhitng phuong phap lap 1a nhitng phuong phép gidi gin ding hé thong
phuong trinh dai s6 tuyén tinh. Chiing chi cho nghiém gin ding cda hg
thong phuong trinh, di cdc phép tinh trung gian ding hoéan toan, nhung ta
¢6 thé tinh nghiém gin ding &y v6i dd chinh xdc bat ky (nghia 1a nghiém
gin ding c6 thé gin nghiém ding bao nhiéu ciing dugc). Pac biét, ngudi
ta thuding dung nhitng phudng phép lap khl ma trin hé s§ A cda hé thong
phu’o’ng trinh “thua”.

3.1 Phudng phap lip don

a. N§i dung phuong phdp

Xét hé thong phuong trinh Ax=5 (3.2). Bua (3.2) vé dang tuong
duong sau:

- x=fB+ax (3.26)
trong do:
ap Gy Oy B
o= Gy QG - Oy . f= »5:2
Oy Oyy - Oy ﬁn

Sau d6 ta ty cho mot véctd, goi 1a véctd xap xi ddu, ky hiéu 2 x@

(thudng chon O = f3), rdi tinh dan xk+)
;) = grgxk, k=0,1,2,... (3.27)

theo cong thic:

Vécts x) goi la véctd lap thd k. NE&u day nhiing vécto ldp
x(o),x(l),...,x(k)_,... ¢6 gidihan: .

thi gi6i han &y 1 mghiém ding cila hé thdng (3.6), va do d6 cing la
nghiém didng cda h¢ thong (3.2). “
Thét viy, ta cé: ‘

lim x%**Y = jim (ﬁ+a’x ) B+a lim XK
k—r+toe k—>+oo k—>+oo

hay: x* =f+ax*.
b.Su hi tu ciia phuong phdp
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Ngudi ta chﬂ’hg minh dugc qud trinh lap don hdi tu dén nghiém duy
* nhit clia hé thong phuong trinh (3.2), khong phu thuge vao viéc Iua chon
véctd xAp xi ban diu (nghia 12 x(® chon iy y), néu:

o, <1 : | (3.28)

c. Pdnh gid sai 56 ciia nghi¢m gdn diing ,

P& dinh .gié do léch giita nghiém gin diing £ nhin dLch: bang
phuong phdp lap don, va nghi€ém ding x* cda hé thong (3.2), ngudi ta
chitng minh dudc nhitng cong thirc sau: '

R

)y o o
51 a" ’| " (3.30)

-

Tir (3.30) dé thiv rang su hoi tu clia phudng phip lap don cang nhanh
néu |a] , cang bé. Bt dang thic (3.30) cing cho phép, sau lan lap thif
nhit (sau khi bigt duoc x1), xdc dinh dugc s6 14n lap cin ti€n hanh
K (&) d€ nhin dugc nghiém gin ding *F) vai do chinh xdc €.

- Trong trudng hop Ha'“p <1/2, d4nh gi4 (3.29) ¢6 dang don gidn sau:

”x(k)_ - s”ﬂ"?- x{k—l)l’p o (.3.31)

Chu )5 | u” néu trong muc b va c ¢ thé ‘diing i[" . hoi_ic "“1 hoac ""z

Thi du 3.10
Gial hé phu’dng trinh Ax=b nhu sau bang phudng phép lap don.
4 0.24 —0.08 8 '
A={0.09 3 —0.15|, b=|9

0.04 —0.08 4 20
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1. Chd ¥ rang nhitng phén tif try nam trén dudng chéo chinh cla ma trdn
" hé s& chia hé théng phuong trinh da cho ¢6 tri tuyét d6i 16n hon nhiéu so
. v6i nhitng phin tl con lai, do d6 dé€ dua vé dang tuong duong (3. 26) v6i
”a'ﬂp <1, ta chia hai v& clia phudng trinh diu cho 4, hai v& ctia phuong
trinh hai cho 3 va hai v& cia phuong trinh ba cho 4. Nghii 1a ta chia cho
céc phén tif tru c6 tri tuyét doi 16n, ta thu dudc:
xy=2 —0.06x;+0.02x;3
Xy =3-0.03x; +0.05x3, (3.32)
x3=5-0.01x; +0.02x, '
| 2
hay x=pf+ax, f=|3 (3.33)
5

Ta ¢6: chuin hang:

Mo

)
1l
—

oy ;| = 0+0.06-+0.02=0.08

Mw

oy j| = 0.03+0+0.05=0.08

j=1
3
> a3j\=0.01+0.02+0=0.03
j=1
Do d6 o ,_.. _maxz\ayl_max (0.08, 0.08, 0.03)=0.08<1

va diéu kién (3.28) derc thoa méin. Vay qud trinh lap don 4p dung vao hé |
thong (3.32) hoac (3 33) sé h01 tu.
2

Z. Chon O = p=|3 _,'sau dé ta tinh x(l),x(z),x(3),.... theo c6ng thic
5
(3.27) ta nhén dudc bing két qud sau:

2 3 5

1.920000]3.190000(5.040000 0.08 0.19 0.04 0.19

1.909400|3.194400)5.044600 0.0106 '0.0044 - 0.0046 0.0106

1.909228(3.194948|5.044794]  0.000172 0.000548 0.000194  10.00054

lk NONINCRINC ix{"’—x&"‘”‘ l(k) (H)l ngk)_xgk—1)~ AKX
0
1
2
3
4

1.909199|3.194963|5.044807 2.9E-05 1.49E-05 | 1.27E-05 2.9E-05
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5/1.909198/3.194964(5.044807
6]1.909198|3.194964/5.044807
711.909198(3.194964/5.044807
8(1.9091983.194964(5.044807
911.909198|3.194964/5.044807

3. Néu ta xem x® la nghiém gin ding cin tim, ta c6 thé ddnh gid sai s§

pham phii clia x®) theo (3.29):
“x(s)__x(z) NUNING

=max

J . 4
oo {

= max(0.000172, 0.000548, 0.000194 ) = 0.000548
_ Mm “x(s)_x(z))‘ ,

i

=09 (0.000548) = 0.0000476 < 0.00005 M

@ o

s

w  1-0.08

3.2 Phudng phap Seidel
a. Ngi dung phuong phdp
- Xét hé théng phuong trinh (3.2). Pua (3.2) vé dang thuong duong sau:

x=p+ax (3.26)
trong dé:
"oy oy o oo, By
= 21 22 25, . ﬂ _ :2
O Gy - Oy, ﬁn

n
hay xizﬂ,-—f-Zayxj (ixl,Z,...,n).
j=1 |

Ty cho mot véctd, goi 1a véctd x4ap xi diu, ky hiéu 1a x©@ (thuong

(k+1)

chon x® = f) roi tinh dan x theo ¢Ong thifc sau:

7

(k+1)|  _ ' (k)

X1 = ﬂl + Z a’ljxj
Y j=1 .
R

*k+1)|  _ (k+1) (k)

X5 —ﬂz + s X + Z azjxj
j=2
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. n .
x:(,,kﬂ) = ﬂ3 + a3, 'x{kﬂ) + a3, xng) + Z 'a3jx-(,-k) .- (3.34)
j=3
k+1 : k+1 k+1 k+1
0] = Byt ag D+ | D |+ a5 ) +Z“;x§k)
. !
(k) o], & w .
j=1 J=i
(k+1) = (k+1) (k)
Xy =Bt Y il X +a,, % k=0,1,2,...
j=
Hé thic (3.4) c6 thé viét Ial nhu sau: (Hl- =p x(k), véi
bi€u thic nay ta c6 thé st dung phu’dng phap lap d day
trong do:
0 0o 0 0: 0 (o 0 %3 %4 P Gin
@ 0 0 0: 0 0 ayp o3 Oy i oy
[o|® @ 00 0| y|0 0 My : Oy
0y Qg Q43 0 : o 0 0 0 gy : Yy,
_anl &y O3 : n—l 0 0 .0 0 0 : a',,,,“

D6 12 phuang phdp Seidel. Phuong phédp nay ¢ thé xem 12 mdt bi€n
thé clia phuong phip lap don. Phuong phép lip Seidel khic phuong
phdp lip don & ché: khi tinh thanh phan thi i ciia véctd ldp thi £ +1:

(k+1) ta sit dung ngay nhitng thanh phan x(kﬂ),xgkﬂ), ..,x,{’_‘i"n

vita tinh duge. P& th& vao ngay cé thé cac biéu thitc dudi né, ma
khong chd hét mot bude 1ip nhu phuong phip liip don (theo nguyén
tic git la non). Piéu ndy lam gidm phén du sai so giita 2 budc lap Vi
th& né con dugc gm 14 "phuong phap giam du"'.

Hoan toan giéng phudng phédp lap don, d& chi ra rang néu diy nhiing
véctd lap x®@ ) x| x®) . 6 gidi han thi gidi han 4y 12 nghiém
diing cha hé théng (3.26) va do d6 ciing la nghiém ding ciia h¢ thong
3.2). |

b. Su’ h()l tu cia phz(dng phdp
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Piéu kién hdi ty ctia phuong phap lap Seidel hoan toan gidng diéu
kién hoi w cda phuong phdp lap don, nghid 1a: e , <1

c. Pdnh gid sai s6 ciia nghiém gén diing

bé ddnh gid do léch giita nghiém gin ding XU nhin dugc bang
phuong phdp lap Seidel va nghiém ddng x™ cda hé thong phUdng trinh

(3.2), ngudi ta chitng minh dudc nhitng céng thifc sau:
*Déi vii ” ”m

-

[--]

trongdé:  g=max—i <y <1,i=1,2,...,n

i 1—p,

i-1 n
Pi= Z ‘Gt}-]- Z U’
j:] =

':vz‘i (3.35) =¥> "x(k) —x* S—‘u_——"x(l) —x(ﬂ)“m | (.3-36)

That vay; tir diéu kién: v= max z ;i —“a'” <1, tacé:
j=1
- h n . . - . — .

g pi(1-pi-q;)
pitq; = . _p-,+q-)— = - >0
: | .: s ( i f 1-p; 1-p;
vay (p,-+q,-)>' 9i (p,-+q,-)>mﬁx-—-—q—"——-‘=ﬂ

) 1= p; [ . . i _1'7'Pi' .
tifc ﬂ<1 dpcm.. ' ' '
"ePdi vd1 || ”1
“ (k) . " (k) (k 1)” (3.37)
(1 S)(l p)
__ . TEp—
~trong d6: §= jj|3 P =max; -(j=1,n)
' i= ]+1 J l_sj— '

= 3 [a)

__’-l-

I
M-
__Q
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n
$p=0; tnzzain

Vi (3.37) ==> Hx(") _x*

1 (- s)(1 p)u (l) (0)” (3.38)

D& véi H"2 ta khéng xét vi phitc tap.

Nhdn xét: Khi tinh x (k+1) (1<£i < n) bang phuong phdp lap Secidel
(cong thic (3.34)) ta khong ding x{ﬁ) . x(k) ,.._.,x,-_l(k) ma diung ngay

x{kﬂ) ; xgkﬂ) yo _ (kﬂ) vira tinh dudc, vi vay khi tinh xong x(k+1)

ta khong cén giir lai xl(. ) nita va c6 thé dat xgk'”

I

) viio 6 nhd ciia x,(- ).
Diéu d6 cho phép ta chi diing n 6 nhé dé chia cdc vécto nghén gin ding
khi dang phuong phdp lap Seidel thay cho 2n# 6 nhd doi véi phuong phép
lap don. DAy chinh I3 vu di€m cia phu’dng phdp lap Seidel so v6i phudng

phdp lap don khi n 16n.

Thi du 3.11 Giai hé phuong trinh Ax=b nhu sau bang phudng phép lap
Seidel.

4 024 =-008] [8 |
A={0090 3 -015|, b=|9 | (332
0.04 —0.08 4 20
Giai

1. Theo ket qua & thi du 3. 10 ta cé: chia cho cac phan ¢ tru c6 tri tuyet
doi 16n, ta thu dudgc:

¥=2  -0.06x;+0.02x; | 2]
Ax=b <==>{ x5 =3-0.03x; - +0.05x3, x=f+ax, f=|3
o |x3=5- 0.01x; +0.02x, ‘ | |5

va

= 0 08<1. Vay qué trinh lap Seidel 4p dung vio hé théng
- (3.32) s€ h01 tu.

o 2

2. Cﬁon'.ﬁc(o) =f=|3|,saudéd fa tinh x(l),x(z),x(:"),.... theo céng thic:
- .

~ (3.34) ta nhan dudc bﬁn'g két qud sau: -



82 Chucng 3: Gidi hé théng phudng trinh dai sd tuyén tinh

x{k) xgk) x:(gk)

2 3 5
1.920000 | 3.192400 | 5.044648
1.909349 | 3.194952 | 5.044806
1.909199 | 3.194964 | 5.044807
1.909198 | 3.194964 | 5.044807
1.909198 | 3.194964 | 5.044807

N e | b9 e e | o

Xét sai s8: Ta c6 bang sau:

Ik‘x{k) NONING }x{"’—x{"‘”"lxg"’—xg"‘“} ’xg")--xg"“‘-)\ MAX

o 2 3 5

1.92000{3.192400]5.04464| 0.080000000 | 0.192400000 | 0.044648000
1.90934/3.194952]5.04480| 0.010651040 | 0.002551931 | 0.000157549
1.90919{3.194964(5.04480| 0.000149965 | 0.000012376 | 0.000001747 |0.00014996
1.90919[3.194964]5.04480| 0.000000708 | 0.000000109 | 0.000000009

1.90919[3.194964 5.04480
1.90919/3.194964|5.04480
1.90919(3.194964|5.04480
[911.90919{3.194964|5.04480

1
2
3
4
5|1.90919(3.194964/ 5.04480
]
7
8

. '”x(3) - x(z)n = max x§3) - x§2)| =0.000149965
i

3. Néu ta xem x®) 13 nghiém gén ddng cin fim, ta ¢6 thé danh gid sai s6

pham phdi ciia x%) theo (3.35):
||x(3) _xmn =max|x _xg)‘ -

o0 i

= max(0.000149965, 0.000012376, 0.000001747 ) = 0.00014996

=max- 9 _ max(0.08,0.0515463, 0) =0.08
_ i 1=p; -

Vi "x(3) -x*

< E @ x| =0.000013 n
Qua thi dy nay ta thiy rang néu ldy x®) 1am nghiém gin diing
phdi tim, thi phuong phdp lap Seidel cho ta k&t qua t6t hon phuong phéap
lap don. ‘
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Téng qudt, ngudi ta chitng minh dugc két qua sau: “Néu phudng phap
lap don hoi ty thi phuong phdp Seidel cling hoi tu va phuong phap Seidel
hoi tu nhanh hon”.

Thi du 3.12 Gidi hé phuong trinh Ax=b nh sau bing phuong phdp

4 -1 -1 6
A=|1 5 2|, b=[-9
2 -2 6 24
a. Lap don. B
b. Seidel.

WD _ g Lx(k+1) 7 Ux(")

¢. Lap theo cdng thic:(x

, D) (I L) [ k), o
Giai
a. Lap don. Lam tlrdng t¥ cdc budc thuit todn nhu cdc ba1 trudc ta co:
S ) k k (k) _ (k—l) k) _ S&T) (k) (k~1)
K x§ x; ) xg ) I >é :é MAX
6
-9
24
0 : 18 " 4
1 2.05 -0.5 2.9 0.55 1.3 1.1 1.3
2 2.1 -1.05 3.15 0.05 0.55 0.25 O.Sd
3 2025 -096] 295 0.075 0.09 0.2 0.4
4 1.9975 -1.025( 3.005 0.0275 0.065 0.055 0.06d
5  1.995 -0.9975| 2.9925 0.0025 0.0275 0.0125 0.0275
6 1.99875 -1.002] 3.0025 0.00375 0.0045 0.01 0.01
7|2.000125{-0.99875( 2.99975 0.001375 0.00325 0.00275| 0.00325
8 2.00025-1.00013(3.000375 0.000125{ 0.001375 0.0006250.001375'
9{2.000063] -0.9999/2.999875 0.000188{ 0.000225 0.0005] 0.000d
10{1.999994/-1.00006(3.000013 6.87E-05 0.000163|  0.000138 0.000163’
11{1.999988(-0.99999(2.999981 6.25E-06{ 6.88E-05 3.13E-05 6.88E-0d
b. Seidel. Lam tudng ty cdc budc thuit todn nhu cdc bai trudc ta c6:
: k) k k (8 (k=D (K) _ (k) (k) (k—l) :
Il( x} xg ) xg ) ‘ }‘l{ 1. é xg MAX
X1 X2 X3 3
4 -1 -1 6
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1 5 -2 -9

2 -2 24
ol“ 48l 8 ,
1 2.05 -0.6113.1133333 0.55 119 0.8866667 1.19
2/2.1258333|-0.979833|2.9647778, 0.0758333(0.36983333| 0.1485556/0.3698333}
3(1.9962361|-1.013336(2.9968093| 0.1295972|0.03350278| 0.0320315/|0.12959722
41.9958683| -1.00045{3.0012273| 0.0003678|0.01283616 0.004418 0.’01283616
52.0001943|-0.999548(3.0000859 0.004326/0.00090199| 0.0011413|0.00432604
6/2.0001345/-0.999993|2.9999577| 5.984E-05|0.00044457| 0.0001282/0.0004445]
711.9999913|-1.000015{2.9999978| 0.0001432| 2.2657E-05| 4.018E-05| 0.0001432
8/1.9999957 -1/3.0000014| 4.381E-06|1.5197E-05 3.605E-06(1.5197E-05

Nhin xét: Ta thay vdi cing mot d6 chinh xdc nhu nhau 1074 , thi phudng
phdp Seidel (8 budc ) hoi tu nhanh hon phudng phép lap don (11 budc ).

¢/ Sinh vién tv lam: a=|{-1/5
-1/3

¥

1

A=I-L=|1/5

1/3

0

0 0

1/4 1/ 1.5
0 25|, B=C=|-18
1/3 0 4
0 1/4 1/4

2/5

1 0|, B=U=|0 0

-1/3 1

Gai cong thie 570MS:

0 0

Ta sé& thu dudc két qud nhu bang Seidel § trén.

§4. PHUGNG PHAP CHOLESKY
4.1 Phuong phdp lugn:

0

Mata™! (MatBMatC + MatC)E
MatA™! (MatB MatAns + MatC )E]EI

Trong kinh t& (xd héi ) cling nhu trong c¢d hoc (hién tugng ty nhién) ta
thudng gap phdi bai todn gidi phuong trinh Ax=B, vdi A ]a ma tran vudng
d6i xdng, xdc dinh duong, di¢u ndy hoan toan bién chitng, bdi mot nhé Ia:
khi thiét 14p mot md hinh gi di nita thi lu6n dung phai vin dé (bai todn )
cAn bang, can d6i din dén bii todn cyc ti€u héa cdc ham ning lugng, ma
cic ham niing lugng cla mot vat chilt 1 mot dang toan phucng ddy di,
ludn 12 ddi xdng va xdc dinh duong. '

* Nén ta phdt xudt tir viéc gidi hé phuong trinh Ax=B, v6i ma trin
vudng A, lan lugt tir don gidn dén phic tap nhu sau: |



Chuong 3: Gidi hé thong phudng trinh dai s§ tuyén tinh 85

an
_ a b.
I/ A= 22 . ,Ax=B <==>a;x;=b; & x; =-L
. . ai
L a”"J
a1 a2 a1y
: as . a e . L
2 U= 2 M| Ux=B ==>ta gii tir dudi 1én trén.
i Ay |
B .
a11
a a s " .
3 L=| 2t B .| Lx=B ==> ta gii tir trén xudng dudi .
ayy Qp2 Qyn |

4/ A— LU L tam gidc dudi (Lower), U tam gidc trén (upper). Véi
det(L) # 0 # det(U)
Ax=B & L(Ux)=B & {Ly_ B (trucc)
Ux=y (sau)
Pinh Iy : Cholesky: A ddi xiing va xdc dinh dudng
<==> 3 B (tam gidc dudi ), det(B) # 0
sao cho A =BB" (B khong suy bién).
Chiing minh :
(<==) A =BB” 12 d&i xdng (hién nhién), vi ludn c6 (Ax,y) (x, AT y)
xTAx =(AX,X)= (BBTx x)= (B'x,B"x)>0.Va
xTAx =0 ==> B'x =0 vi'det(B) = 0 nén x=0.

==>) ta ching minh qui nap theo cip n cia ma trin A nhu sau:
1/ n=1 hi€n nhién.
2/ Gi4 s& ddng v6i ma trdn cdp n-1, coi A ma tran diy cdp n, doi xidng,

a—

A «
xic dinh dudng, ta thanh 13p A nhu sau: A= , véi eR™,
. aT a ‘
4 €M,.,(R) vudng cip n-1, a thuc eR. V6i A dGi xdng thi |
A ciing d6i xing, con A ciing xdinh duong, thit vay, ¢ #0 dé A thyc su

1a capn
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-

X

Coi V (0 # x) eR"' . Coi x:[o]e R" tinh x"Ax = X' AX. That vy

" theo so d6 nhian ma trin:

~' Xl
A
T

X AX = , Z=X0,

@ a| 0
x 0| xA |z|y

~T  ~ : ~T ~ ~ ~T ~
y=x Ax+(0.z) ==>y=x Ax+(0. xo)=x Ax

Viy theo gi thi€t qui nap 4 12 cdp n-1, d xing va xdc dinh dudng.
Ta co6:

—

A =M.M" , M (tam gidc dudi c4p n-1), khdng suy bién det(M) = 0.

Vay
T
- | MM' o

(44 a
M0 1 . d 1 dé
_ ciing 1a tam gidc dudi, cip n, trong
gl A |

-

Tim B dugi dang B =[

B eR™ A thyc eR. Biy gid tim B, A li xong! ta chitng minh A # 0,
B#0, dé€ B thuc sy la cipn *

BBT;IiM 0-[MT ﬂ]=[MMT . MB }z

ﬁT Al o af ﬁTMT ﬁTﬁ+12
[mmT &
A= =
e
a:Mﬁ ﬂ:M“Ia;tO
{a=ﬁTﬂ+lz A —a—(M"la').TM_Ia=a¥aT(§)_la

- \ 7 (~\-1
Chonxdé: 0<(Axx)=a-a (A) a
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1
(4) @ :(Ax,.r)za—aT(Z)—lazo,(doAdenhdu-ong).
Thuc vzfly_
(v Y A il
(Ax,x):h[(A) a:] -1 l:aT ‘::I (A) -6: =

—

~y—1 .
1 YT A(4) a-a=0|
= (A) a -1 = (A) - a-a. |
T(~ -1

o (A) oa—a
Viy ta di chifng minh sy ton tai ma trin B, va dinh 1§ dudc chifng minh.
4.2 Xay dung ma trgn B.
Biy ta tim hiu ma trén tam gidc dudi B.
Thuc ra chitng minh tn tai thi phic tap, nhung tinh cuy thé B chi dua vao
tinh chit A déi xdng va xac dinh du’dng ma thdi. Ta c6:
0 0 0]

, by =0 (i<j).

n
a;=3 by (b,q) Z bixbjx - Al ma trin ddy d6i xing.
k=1

Nén ta chi cdn xét tam gidc trén ciia A m thoi i<j; ay=) bybj

vi bjj=0 (i <]). Ta tinh 14n lugt cét 1, ¢t 2 phu thudc vao lcx’:}t 1...
Tinhcot1ctaB:  ay;=bybjy

—=>j=1: ayy =(by1)” chon by =fayy

j22:b) Bt VAV , 2<j<n
byt Jan
. ) .
i = 2| Tinh c6t 2 cda B: ayj = > bigb ji = by bj1 +bpabja
k=1

. 2
==>j=2: ay; =(by )2 +(by2)

chon byy =@z — (b2 )’
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: 1 .
J >3: bj2 =b—2;‘(ﬂj2—bj1b21), 35]5”

Nhé rang A 13 doi xing a; =a;

Coi 50 dé tinh ¢t i, hing j ciia B, phu thudc hang i,

hang j cda cdc ¢t trude d6 k = 1,i 1,
cu the 12 tich vd hudng song song
gitta hang i va hang j nhu hinh vé

b(1,1) cot1

ixe 3. EL | vGi)-
» 2 _l 2 2
i < j| Tinh coticuaa B: a; = by +( ) ( ik) +,(bii)
| -1
i Z (blk)
ay = Z _[: b;;

1 o |
bji= ™ Z hay

1 L | . .
bji=7-{aji- 2 by,
i k=1
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Vay chid y&u dua vio 2 cong thic dong khung nay dé tmh todn cdc phan
tr cia B: ‘

Biy> Byt B3gs oo Byt
[ S By
Ba3s by3s Bsys v B3
byas bsgs bogs ovenon »buas
bn—l,n—-l’ bn,n—l’
bn,n
Chad y:

: 2 :
by =yan—(bn )2 =ay ?(\?‘%) +(bzz)2 3(”22)2 =apay ~(a) 20

(vi A xdc dinh duong).

Thi du 3.13: Giai hé phudng trinh Ax=b nhu sau:

1 2 3 7
A=|2 5 7 |, 6=|15

37 26 70
a/ Bang phuong phip Gauss. - '
b/ Bang Cholesky tim L(ma tran tam gidc dudi): L. f=4
¢/ Timy: L.y=»b
d/ Tim lai x: 2 x=y
¢/ Tinh dinh thifc L ==> dinh thiic A.

a/ D& dang tim bang Gauss:

: 1 2 3 7
2 5 7 15
3 7 26 70
3. 7 26 70
2 5 7 15
1 2 3 7
1 2.333333|8.666667 | 23.33333
0 0.333333| -10.3333 | -31.6667
0 -0.33333 | -5.66667 | -16.3333
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8.666667

1 2.333333 23.33333
0 -0.33333 | -5.66667 | -16.3333
0 0.333333| -10.3333 | -31.6667 |
1 |2.333333|8.666667 | 23.33333
0 | 1 | 17 | a9
0 0 | -6 48
1 2.333333(8.666667 | 23.33333
0 1 17 49
0 0 1
PO K B 2
X3 -2
| e 3
b/ D& dang chitng minh A la d6i xing va xdc dinh dudng. Ta tim B:
= 1 i-1
Dung cong thic: |b;; =, [a; — Z (b,-k) 1B ='5" a; — Z b bix
k=1 : ii k=1
1 0 0
dédangtim B=L=[2 1 0| thilaiding thic: L.L" = 4.
3 1 4
¢/ Timy: L.y=5h
7
Do ma trin L I3 tam gidc dudi, ta gidi xudi nén ta cé ngay: y=|1
' 12

1 2 31 [7

d/ Tim lai x: LTxr-—y<:> 0 1 1ix=(1 |,
0 0 4 12
) |
gidi ngugc 1an nifa ta c6: x=|-2 |
3

e/ LI = A= |d|= [‘L.Lﬂ = ||| =|Lf = (1x1x4)" =16

Thi du 3.14: Giai hé phuong trinh Ax=b nhu sau:
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p—

1
2
1

| 2

@ = 0 N

a/ Bang phuong phdp Gauss.

b/ Bang Cholesky tim L(ma trdn tam gidc dudi): L. LT

¢/ Timy: L.y=b

d/ Tim lai-x: Mx= y

(S T N,

16 |.

a/ D& dang tim bang Gauss:

o (o|lo|=]

ololefalelelalalele

aihl=afialnialala]b|e]=

.
*
=]

R

o

91
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X | 2

b/ D& dang chiing minh A 1a d6i xing va xdc dinh duong. Ta tim B:

: i—1 " i—1
A . 2 1
Dung cong thiic: b;; :Ja,-,- — Z (b,- ) , bj,- :_(aij - Z bjkbik]
k

k=1 bij -1
1 0 0 0]
A oa % 1s o 2 2 0 0
theo so d0 trén, ta dé dang tim B=L=
: 1 1 1 0
| | 2 2 -2 2]
tht lai dang thic: L.LT = 4.
c/ Timy: L.y=b
=R
- . . ~r A - 2
Do ma trin L 1a tam gidc dudi, ta giai xudi nén ta cé ngay: y= 6
---2 -
1 2 1 1 T-1]
. T 0 2 1 2 2
d/Timlaix;: L' x=y & X = ,
0 0 1 -2 -6
|0 0 0 2 | (2 |

-3

X , 2
2131 nguoc lan nlra ta ¢o: x = “

1
e/ LT = A= \A\_:\L.L”\ = | 7| =|ef =(1x2xax2)” = 16

$5. PHUGNG PHAP NHAN TU LU TONG QUAT
Phuong phdp Cholesky chi diing cho matrin d6i xttng, xdc dinh dudng
con d61 v6i matran A théng thudng ta ding nhin t LU nhu sau:
Trong A=L{] (2 xét far truong fgp: ma adn L vd ma trin  co duong
chéo chinh bang 1. .
5.1 Phuong phdp Doolittle (L cé duimg chéo chinh bing 1):
Khi d6 A=L.U véi:
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[ 1 0 OT _u“ H12 . . ”ln
£ 1 0 10 u . u
L= au=|, 20
Lfnl Enz 1_ | | | 0 . 0 _ u,m_‘
Céc phin tif cda L va U dugc xdc dinh theo cdng thifc sau:
¢ adi (2 <i<
i1= <i<n)
1
k=i-1 -
. e (5.1)
i =a 2 Ly (1<i<j) |

A

q -
:=—o7|a; -
ij ij

“"[ k=1

k=j-1

Z Eikuij‘ (1<I<])

Trong (5.1), ta phdi xdy dung. déng thdi cd haima trdnL va U
5.2 Phutong phdp Crout (U cé duimg chéo chinh bang 1):

- Khi d6 A=LU vdi:

f“ 0 0 i —1 le u]nj
¢ V4 0 0 1
L= R S lauv=|, 0
41 En2 ¢ Lan o o : 1]
Cdc phin t cda L va U dudc x4c dinh theo cong thic sau:
i =a; (1<i<n)
ap;
ulj ="i (ZSan)
n
k=j-1 5.2
(1< j<i) 62

EU =af-j - Z £,-kukj
k=1

Nt
i

, — Z E,—kukj} (1<i<j)
k=1

k=i—-1

Trong (5.2), cling ta phai xdy dung déng thdi ca hai ma trin L va U.

Thi du 3.15: Giai hé phuong trinh Ax=b nhu sau:

93



Do ma tran L 13 tam gi4c du6i, ta gidi xudi nén ta c6 ngay: y =

¢/ Timlaix: Ux=y ¢

(1 1
0 -1
0 0

0 0

0
-1
3
0

-13

13

13

-13
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1 1 0 3] (4 ]
g 2 1 -1 1 b= 1
3 -1 -1 2 -3
_ -1 2 3 -1] (4
a/ Bang phudng phdp Doolittle LU = A
b/ Timy: L.y=5b '
¢/ Tim lai x: U)_é=y |
d/Lam lai bang phuong phdp Crout.
- o Giai -
a/ T (5.1) ta dé dang tinh dugc nhu sau:
Ta tinh cing lic 2 ma trdn L, U theo trinh tu sau:
Loy o a5 uy > oy, |
2. Sy oy oLy
3. i=2,jchay: = uyy = a3 o uyy
4. j=2,ichay: 43y > {4
~Budc 5, 6 1a bdt dau lap lai budc 3, 4
5.0 —uy3 > uy '
6. —f,.
(1. 1 0 31 [1 o0 o o]f1 1 o
e 2 1 -1 1 _ 2 1 0 0jj0 -1 -1
13 -1 -1 2 3 4 1 0)j0 0 3
-1 2 3 ) |[-1 -3 0 1]lo 0 o
(1 0 0 0] [4]
: : 2 1 00 1
b/ L.y=b <==> 3 4 1 0.y= 3
-1 3 0 1| |4

|=Lu
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-1

5o . 2
gial ngugce 1an nita ta ¢6: x = 0
1

d/ Sinh vién t¢ nghi€n citu thém (ngudc lai véi Doolittle)

— -

1 0 0 0 11 1 0 3
2 -1 0 1 1 5

A=LU = 0 0 : ,
3 4 3 0 Jlo .o 1 4.333333333
-1 3 0 - -13]0 0 0 1 |

Tir (5.2 ta da dang tinh dugc nhu sau:
Ta tinh cung lic 2 ma trdn L, U theo trinh ty sau:
1. £y =Ly 2831 24y
2 — Hyy —> Wy = Uy
3. J=2iichay:— €y 543y = Ly
4. i=2,jchay: —> up3 — uyy
BuéGc 5,6 la bat ddu lap lai budc 3, 4
5. =iyl
6. —uzy.

s,

Chii y: Phuong phédp phan tich LU trinh bay trén ddy chi 1a mdt trong
nhi€u phuong phdp phan tich LU khdc nhau. Vi du cho:

1 3 § 1.00 0 0 4.0 7.0 3.00
A= 2 4 8|, L=|025 100 0 |,U=|0 125 4.25
4 7 3 0.50 040 1.00 0 0 4.80 |
0 0 1 _ 4 7 3
P=|1 0 0], nhunglaicé bi€u thiic PA=LU=|1 3 5§
0 1 0 2 4 8
BAITAP .

1. Dung phuong phdp Gauss gidi nhitng hé thdng phuong trinh Ax=5
cho dudi day. Cdc phép tinh 18y dén 5 s0'1é sau ddu phdy:
L5 -0,2 0,1 0,4
a. A=|-0,1 1,5 -0,1|; b=|0,8
-0,3 0,2 -90,5 0,2
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8,30 2,62 4,10 1,90 10,65
3,92 8,45 7,78 2,46| - | 12,21
T13,77 7,21 804 2,28 | 1545
2,21 3,65 1,69 6,99 8,35

2. 'Dtlng phuong phdp Gauss c¢6 fim tru 16n nhit, gidi nhitng hé thong
phuong trinh cho dudi diy. Cdc phép tinh 18y d€ 5 chir s6 ¢6 nghia:

(2,6 —-4,5 -2,0 19,70

a. A={ 3,0 3,0 43| b=/ 3,21
6,0 3,5 3,0 18,25
(3,81 0,25 1,28 0,75 4,21

2,25 1,32. 4,58 0,49 | b 6,47
531 6,28 0,98 1,04 12,38
, \ 9,39 2,45 3,35 2,28 10,48
3. Duling phudng phdp Gauss, tinh cdc dinh thic: ,
8,64d—-c 1,71 5,42
A, =| 6,39 4,25 1,84+a
4,21 7,N2-a 3,41
Trong dé:d-—-O,Sn; n=0,1.

b. A=

4. Dung phuong phdp Gauss, tinh ma trdn nghich ddo cia nhifng ma
trin sau:
24,21+ 2,42 3,85
Am)=| 2,31 31,49 1,52
3,49 < 4,85 28,72+a
trong d6: a¢=0,2n; n=0,1.
5. Giai hé théng phuong trinh:.
8 1 1) x) (1
1 -5 1| x,|=|16
11 —4)lx;) \ 7
a. Bang phuong phdp lap don.
b. Bang phuong phép lap Seidel.
D6i v&i mdi phuong phdp, tinh lap ba 1in, 1dy x® =g va dinh gid
sai s8 ciia xO), |
6. Gidi hé thong phuong trinh:
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24,21x; +2,42x, +3,85x3 = 30,24

2,31x; +31,49x, +1,52x; = 40,96

3,49x; +4,85x, +28,73x; = 42,81

Bang phuong phép lap cho tdi khi: |
”x(") - x("_l)”m <1074

va ddnh gid sai sO clia nghiém gan ding nhin dudgc.
7. Gidi hé thong phudng trinh:
(10x; + x5 +x3 =12

A

2x1+10x5 +x3 =13
(2x; +2x5 +10x3 =14
bang phuong phdp lap Seidel cho téi khi
x(" x("_1)| <107

so sdanh k€t qua nhin dugc véi nghiém ding:
Xy =x3=x3=1

8. Giaf hé phuong trinh Ax=b nhu sau:

1 2 1 2 2 ]

2 5 4 5 10
A= ’ b:

1 4 6 6 14

2 5 6 10] |9 |

a/ Bang phuong phdp Gauss. |
b/ Bang Cholesky tim L(ma tran tam gidc dudi): LIT=4
¢/ Timy: Ly=5b _ o

d/ Timlaix: Lfx=y

9. Giai lai bai 8 bang LU:
a/ Phuong phdp Doolittle.
a/ Phuong phap Crout.

10. Phén tich A thanh LU:
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4 2 -1 2 1]
1 S5 02 a1 2
A=|-2 1 -4 1 -1
3 2 2 6 2
o 1 3 2 |
- Pdp sé

a. xl =0, 36450 xy =0,53053; x5 =-0,40649

b. x;=-3,01480; x, =-1,17641; x; =4,59989; x, =-0,73923
2. a. x; =1,7781; x, =—4,3351; x3 = 2,5304 - .
b. x; = 0,44093; x, = —0,43009; x5 =1,1546; x, =1,15463
3. A(0)=-646,416;  A(1)=-633,677
0,042334 —0,002399 —0,005548
4. 47'(0)=| —0,002881 0,032180 —0,001317
~0,004658 —0,005143 0,035716
" 0,041973  —0,002384 —0,005462
A“(l): —0,002858 0,032178 —0,001311
| -0,004586 —0,005109 0,035457
5. a. x{” ~0,9618358; xi) =-3,9448436
) =-2,9398827; [xP-x*| <o,1101952
b. x =-0,9922021; 4P =-3,9937418
P =-2,9964857; “ @ _x*| <0,01576
6. x;=0,9444; x,=1,1743; x3=1,1775 v6i sai sb theo | |, nho hon:
0,510~ |
1 0 0 0 0]
l1/4 1 0 0 0
10. Doolittle L= -1/2  -4/11 1 0 0
3/4 -1/11 -65/811 0
0 211 -19/27267/448 1
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. . —

4 2 a1 2 1
10 512214 -1.172 1.3/4
U=lo 0 315221511 3722
0 0 0 5.43/81  1.14/27
o o o 0 3.391/448 |
4 0 0 o 0 ]
s 1 5120 0 0
S Crout L=[2 2 -3.157220 0
|3 12 22112254381 0
0 -1 21322 3.827 3.391/448 |

12 -1/4 12 1/4
1 922 311 -122
0 1 -32/81-127

00 1 123/448
o o o 1 :

=
|
o o o o
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CHUONG 4
PA THUC NOI SUY VA ,
PHUGNG PHAP BINH PHUGNG BE NHAT

§1. PA THUC NOQI SUY

Trong thyc hanh, thudng gap nhirng ham s6 y = f(x) ma khong biét
biéu thic gidi tich cu thé f cia ching. Thong thudng, ta chi biét cdc gid tri
Vs V1s-s¥n cUa ham s6 tai cdc diém khdc nhau Xg,XqseerXp cua doan
[a, b]. Cédc gid tri nay co th€ nhin dugc thong qua thi nghiém, do dac,..
Khi st dung nhitng ham s& trén, nhi€u khi ta cAn biét gi4 tri cGa ching tai
céc diém khong tring véi x;(i =0,1,2,...,n). Mudn thé, ta tim cdch xay
dung mt da thuc: '

P,(x)=ayx" +a1x -1 +..+a, 1x+a,

thda man P, (x;)=f(x))=y;i=0,1,2,...,n . @

P,(x) goi la da thic ndi suy cla ham f(x), cdc diém x;,i=0,n,

goi la cdc nit ndi suy. V& hinh hoc c6 nghia 13 tim dudng cong da thic:

y=P (x)=ayx" +1:11x""1 +..+a,_1x+a,
di qua cdc di€ém M;(x;,y;) dad biét (i = (l,—n) ctia dudng cong y = f(x)

(hlnh 4.1)

Y. I
-
I

XQ x! Xg xi xi.+1 _,,:«w!
Hinh 4.1

Sau d6, ta ding da thic P,(x) thay cho ham s6 f(x) d€ tinh gan ding gid

. N ~ . P o2 . T o o
tri cta ham s0 f(x) tai cdc diém x#x;(i=0,n). Néu diém
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~ x€ (xg,X,)thi phép tinh trén goi 12 phép tinh ndi suy. Néu diém

x ¢ (xg,x,) (x § ngoai (xﬁ,x,,)) thi phép tinh trén goi 1a phép tinh ngoai

suy. S& di ta chon da thifc P,(x) vi trong tinh todn, da thidc 12 him s& dé
tinh nhat. |

Nham gidm bét khéi lugng tinh, ngudi ta cing ding da thic noi

suy P,(x)thay cho ham s& f(x) d€ tinh gﬁn diing gid tri cda ham sd tai céc

diém x # x;(i = 0,n) trong trudng hop bi€u thitc gidi tich cy thé cia ham
56 f(x) da bi€t nhung twdng d8i phitc tap. Khi d6, néu ta tinh gid tri cla
ham s& f(x) tai cdc diém x # x;(i = 0,#) tryc ti€p bang bidu thic gidi tich
ctia ham f thi s& t6n nhiu coéng siic, nhit 13 khi phdi tinh nhiéu gid tri.

V& sur duy nhét clia da thidc ndi suy, ta cé dinh l)? sau:

Pinh Iy 4.1. Pa thitc ndi suy P, (x)clia ham s6 f(x), n€u ¢4, thi chi c6 mot
ma thoi. | ‘
Chiing minh. 7
Gid s t nhitng di€u kién (4.1), ta xdy dyng duge hai da thic ndi suy
khdc nhau P,(x)va Q,(x)vei:
P (x;)=yi; 0, (x;)=y; (i =0,n)

Khi dé P,(x)-0Q, (;r) 13 m6t da thitc bic khéng 16n hen n, nhung

lai triét tidu tai n+1 di€m x; khdc nhau vi:
Po(x)=Qu(x)=y;=y; =0  (i=0,n)

Viy: P,(x)—0,(x)=0 (nghia 13 P,(x)-0,(x)bang khong vdi

mol x), hay P, (x)= Q,;(x). D6 1a diéu phdi chitng minh.

- §2. TINH GIA TRI CUA PA THUC: SO PO HOOCNER
Vian dé dat ra 13; cho da thic bac n:

P, (x)=ayx" +a1x"_1 +..+a,_1x+a, _
véi hé s6 thuc a(k =0,1,2,...,n). Cén tinh gid tri cta da thic tai x = c:
Pc)=apc" +ayc" 4 ta,_qcta, (4.2)
Céch tinh P,(c) ti€t kiém nhét vé& s6 phép tinh nhu sau: ta viét
(4.2) dudi dang:
P,(c) =(..(({agc + ay)c + a3)c + a3)c.. +a,_1)c+a,)
Viy dé tinh P,(c),ta chi cin tinh 14n luct cdc so:
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(B = ag
bl =4 + bOC
bz = a, + bIC .
d .
b3 = 33 + sz
by =a,+b n-1€ = P,(c)

De tién tmh toan ngudi ta thuding ding sd db sau, goi a sd do |
Hoocner o -

la|a || .| & | ¢
+ 0 : boc blc - _ b" 1(.'
by | by [ by | . | By=Pylc)

Thi du: 4.1 Dung so db Hoocner, tinh gid tri céia:
Py(x)= 3x° +2x* —5x+7
taic=3 '
Gidi
Ta c6: '

| 312|517 3
+ 1 019 ]33 84 '
13 |11 |28 |91=P3)|

§3. DA THU'C NOI SUY LAGRANGE
3.1 Thanh l4p da thi'c ndi suy Lagrange
Gi4 st trén [a,b] cho n+1 gid tri khdc nhau cia doi $0 :
X(s X sers Xy va_blet ddi véi ham y = f(x), nhitng gid tri tudng Wng:

f(x ) y;) t— 0 n
de gid ta xay dyng da thic ndi suy L,(x ), bac khéng cao hon n,

thdéa man diéu kién: -
Ln'(xi) =y;; i=0,n
theo cdch cia Lagrange nhu sau:

Tru6e hét xay dung da thite /;(x ) théa man diéu kién:

.z( ) 1 nduj=i '(43)'
AX:)= . : .
T 10 néu j#i
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Vi da thitc /;(x) phai tim triét ti€u tai n diém xo,x1, v Xj 13 Xjp] 000
nén /;(x) cé thé viét dudi dang:
lj(x) = Ci(x = x)(x = X1 )X = x; _1)(x Xip1 (X = x,) (4.4)
trong d6 C; 1a hang s& phal tim, chd y bic cla /;(x) lan.
Pat x = x; trong (4.4) va d€ ¥ dén diéu kién (4.3), ta c6: .
I;(x;) = Ci(x; — % )(X; = X1 )X — X1 )(Xj = Xjpp )X — X))
Tit d6 | :
| 1
(x; = xg N x; — x1)-eex; — X1 )(x,- — Xjp1 ) (Xx; — X))
Thay vao (4.4), ta c6: :
L(x) = (x = xp)(x — xp)eeex — X;_4 )(x — X ) (x—X,) 4.5)
: (x; — x0)(x; = x1)eea(X; — X)X — X0 )ee(X; — X))
Pa thitc bic n [;(x) dudc goi 12 da thitc Lagrange bic n cd bin,

Bay gig, ta xét da thdc sau:

n : .
(L (%)= 2 5 (x)y; | (4.6)
i=0 .

D& thdy ring bic clia da thitc L, (x )khong cao hon n, va do diéu
kién (4.3), ta c6:

Ly(xj)= Zz(x,)y, LGy =yj j=m

Viy da thitc L (x ) xdc dinh bdi (4.6), 1a da thu’c noi suy phai
tim. Thay bi€u thdc cta [;(x) tir (4.5) vao (4.6), nhin dudgc:

i (x = xg)(x—x1)e(x—x;_4 .)(x.— Xj11)(x—X,) @)
i—o (xi — x0)(x; —xq oo (x; =X _1)(x; — X4 )...(x,- - X,

L,(x)=

D6 chinh 14 da thifc ndi suy Lagrange bic n. Chi y: 2 I; (x) -1, Vx ?
bt

_ Biy gid ta xét hai trudng hgp hay s dung ctia da thic ndi suy
Lagrange.

a. Noi suy bdc nhdt hay ni suy tuyén tinh
Khi n = 1, ta ¢6 hai nit ndi suy x¢ va x;, va:
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xXxX—X X— X ’ '
Li(x)= L yy + 0y, | (4.8)
xo—xl x —-xo

y—
& Li(x)=y=y+2—2(x- xo)
X1 —Xg

Phuong trinh y = L;(x)chinh la phuong trmh dudng thang di qua
hai di€m Mo(xo,yg) va M (x1,y). Ngudi ta thudng dung ndi suy tuy€n tinh
dé noi suy cdc bdng tra tinh todn trong ky thudt, trong kKinh té....

Thi du: Nim con ga gid 0.5$, bdy con ga gid 0.7$, hdi 5.3 con ga gid bao
x9=5,yp=05

,x=5.3= ta thu dugc 0.53%
X1 = 5, = 0.7

nhi¢u? Ap (4.8) v4i, {

b. N§i suy bdc hai
Khi n = 2, ta ¢d ba nit ndi suy Xo , X1, Xz va:

BCE ) W E Rt ES I (x—xg)(x—x7)
(xg—x1)(xp—x3) (xg —=xp)(x1 —x3) (x7 —xg)(x3 — 1)
' ;o 4.9

Phuong trinh y = L,(x)chinh la phudng trinh parabol di qua ba
di€m Mo(Xo,Yo), M1(x1,y1) va Ma(X2,y2). Viy da thiic Lagrange bic 3, 1a
qua 3 diém thi c6 3 da thic con bic 2 dé€ cong lai, tong quét cho béc n,
qua n diém thi c6 n da thiic con bac n-1 d€ cong lai, rat nhi€u phép todn.

Chi y ta co the ki€m chu’ng trong hai ndi suy trén ludn ludn ta c6:

o (x) 1, Vx' *)
i=0 |
- 2
Vidud(4.9) dathic 3 [(x)=lo(x)+ 1 (x) + I (x) 1 mdt da thitc bic 2
i=0

va n6 déu bang 1 tai3 diém khdc nhau Xg,X1,X3, nén diy 1a da thic
hing bang 1 doc 1ap véi x, diéu nay ta di biét trong gido trinh A2-C2.
Hay cé thé Iy luan do cdch xdy dung [;(x)khoéng phu thuoc vao cic gia
tri y; =1, Vl 0 1, nén trudng hdp riéng, ta chon y, _—1 V:—ﬂ l nén

co (*)la dpcm.

Thi du 4.2 Hay xdy dung da thitc ndi suy Lagrange ciia him s&

" e e A . 1 . 1
y =sinzx, chon cdc niit ndi suy 13 xp =0,x; =—Vvad xp=7.
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Gidai

1
Ta co yg=sin0=0;y, =sin—§-=5;y2 =sin§=1:>

Ap dung cdng thifc (4.9), nhan dugc

Thi du4.2’ Hiy xay dung da thic noi suy Lagrange c6 dd thi dep nhu sau:
chon céc niit ndi suy § bang sau, rdi tinh £(2.5).

X 1 2 3 4 5
y |1 2 3 R
| | Gidi

Sinh vién nghién cifu thém, ta c6 két qﬁlﬁ sau:

.L4(x)=%x4 —2x3 +%x2 —-11x+6 3:

2]

1]
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So d6 tinh c6 thé t6m tat trén bdng sau:

X 1 2 3 4 5 2.5
y 1 2 3 2 1

0 - 5128 1516 2 7/64 31128 2 23132
1 1/24 - 712 | 2 23/24 5 24

2 - 13 | 4 13 | 19 23 20 -6

3 3/4 -9 36 3/4 30 4

4 - 113 323 | 13 213 A0 - -6

5 1/24 5/12 1 11/24 1 24

Ta cé 5 da thiic con bic 4, dé cong lai nhu sau:

Hé s6 nhén (cia x*) ciia s6 hang mot :
Hé s& nhin (cha x*) cda s6 hang hai :
Hé s& nhan (ctia x*) cda s hang ba:

Hé s& nhan (cta x*) ctia s& hang bon:

Hé s6 nhan (cta x*) cda s6 hang nam:

flx)=

1124
-3
3/4

I3
1124

(x-—l)(x—3)(x——4)(x-—5)x2+

T (2-1)(2-3)(2-4)(2-5)
(x=1)(x-2)(x-3)(x-5)_,

( ,
(-9(-5) " (4=

1)(4-2)(4-3)(4-5)

Ta c6 5 da thifc con bic 3, d€ cong lai nhu sau:

Hé s6 nhin (cta x3)ctia s6 hang mdt:  -7M2
Hé s6 nhan (ctia x3)ctia sé hang hai:  41/3
Hé s6 nhin (cda x° ) clia s6 hang ba: -9

Hé s6 nhin (cla x> )cla s hangbon: 323

Hé s0 nhian (cta x> ) clia s6 hang ndm: - 512
Ta cé 5 da thifc con bic 2, d€ cong lai nhu sau:

Hé s6 nhin (cia x?) ciia s6 hang mot :
Hé s& nhin (cla x2) ciia s6 hang hai :

Hé s& nhin (clia x*) ca sd hang ba:

Hé s6 nhin (cua x2) ciia s hang bon:

Hé s& nhin (cha x2) clia s§ hang nam:

2 23/24
-19 2/3
36 3/4

-13 213
1 11/24
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Ta c6 5 da thitc con bac 1, d€ cong lai nhu sau:

Hé s6 nhén (cda x!)clas6hangmdt: -6 512
~ Hé s6 nhidn (cta x! ) clia 86 hang hai : 35 23
Hé s6 nhan (cda x') clia s6 hang ba: -58 1/2
Hé s6 nhan (cla x!) clia sd hang b6n: 20 1/3
Hé s6 nhan (cla .xl ) cia s6 hang nim: -2 112
Ta c6 5 da thifc con bic 0, d€ cong lai nhu sau:
Hé s8 nhén (cha x%) cia s6 hang mot: 5
Hé s6 nhin (ctia x°)cia sGhanghai:  -20
Hé s6 nhan - (cla x) clia s6 hang ba: 30
Hé s6 nhan (cia x0) cta s6 hang bon: 10

Hé sé nhin (cta x ) cua sO hang nim: 1
Conhang 6: thé hién hang t6ng cong d€ ra hé s6 cilia da thic.
Con hang 0: thé hién th& gid tri 4 vao da thifc dé tinh f(2.5)=2 23/32

Cot cudi 1a MS (mau s6 ) clia ting s6 hang. )
Ta ciing 6 thé tinh f(z 5) =2 23/32 qua sd d5 Hooner.

e e e A T e 2 172
M2 "3 23124 | 9 11/16
1/6 1 712 3 7/8 4 516 |

Cau hoi: Neu tatcd y; =1, Vi=1,5 & béng trén, thi f(2. 5) =7

Chii ¥: Khai trién da thitc g=(x—a;)(x—ay)(x-a3)-(x~a,)
Cac he so tmh theo cong thirc nhu sau:

Thi du 4.3 Cho bang gi4 tri cia ham s8 y = logjox |
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Al

X 300 304 305 - 307
y 2,4771 2,4829 2,4843  2,4871

Tinh gdn dung log0301 bang da thifc ndi suy Lagrange
Gidi

Dung (4.7) v6in = 3, ta c6:
(=) 4771 LD 5 4o99.,

log{y301= 2, ~iy
(=457’ 4(-1)(-3)
2 1EE0) 5 4943 1ENA) 5 4e71 22,4786
5(1)(-2) 7(3)(2)

& 56 hang diu: CHEA6) _ (301304301 - 305)(301 - 307)
) (—4)(=5)(=T)  (300—304)(300—304)(300—304)

3.2 Ddnh gid sais§ : :
D€ ddnh gid do 1éch giifa da thiic ndi suy Lagrange L,(x)va ham s0 f(x)

tai cdc diém x # x;(i = 0,n), ta ching minh dinh 1y sau:

Dinh I§ 4.2 Néu ham s6 y = f(x) ¢6 dao ham lién tuc d&n cip n + 1-trén

[a,b] chita tat ¢ cdc niit ndi suy x;(i = 0,n) thi sai s6 ndi suy

Ra(x) = f(x)- L,(x) c6 dang sau:

(n+1)
R, (x )—f(_lg Zpi1(X) (4.10)

trong do ¢ phu thudce x va thudc [a,b],
1 (X) = (X = xp)(x = X ).e(X = Xp)-

Chitng minh
Xétham s6 phu sau: :
’ u(x) = f(x)= L, (x)— kTpy(X) (4.11)
trong do6 k 1a hang s8 s& lura chon sau. :

; Ham sO u(x) cé6 n + 1 nghiém tai cic diém X[y X]seeey X,y . BAY gld ta
chon k sao-cho ham s& u(x) ¢6 nghiém thd n + 2 tai mot di€m x bit ky,
nhu’ng c6 dinh, x clia [a,b], khong tring vdi cic nit nodi suy. Muon thé chi
can cho

| f(x) L,,(x) k.‘rrnﬂ(x) 0
Wi 7rn+1(x)¢0 nén:
| f(f) L(x) @12

T -
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(Pinh 1y:Rolle: f(x) kha vi trén [a,b], f(a)=f(b) => Jce [a,b]: lery=0)
Vi gid tri k vira chon, ham s8 u(x) bang 0 tai n + 2 diém
Xg,Xqs--sXps X trén [a,b]. Ap dung dinh 1y Rolle, thay rang dao him

u/(x) c6 khoéng ithonn + 1 nghiém trén [a,b], thit vdy trén [xﬂ,xl]cé.
co:u (cg)=0, trén [x1,x3]c6 ¢ :u (¢;)=0...., trén [xn,;:lcé
Cp 't u (¢, )=0.Lai 4p dung dinh 1§ Rolle vao dao ham w/(x), thiy rang |

dao ham cip hai u”(x) c6 khong it hon n nghiém trén [a,b].

Y

Xp ¢ X1 a9 *2
Minh hoa hinh v&, v6i3 diém [xg,Xy,x; ] ta s€ cé Je: W (¢ )=0.
Thit vay: trén [cﬂ,cl] -6 o (co) =0 va o (cl)= 0 néncd dce [co,cl]
aé u' (c )=0,ti€ptyc ......... Véi n+2 didm thi ¢6 Je: u*™D (¢ })=0.
Tiép tuc lap luin nhu trén, thdy rang trén [a,b] dao ham u™(x) cé it nhit
mot nghiém c, nghia la: u("ﬂ)(c) =0
vi LD (x)=0va 2D (x)=(n+1)!, nén theo (4.11) c6
u("H)(x) = f("H)(x) -k (n + 1)!
Tai x = ¢, nhdn dudc u("H)(c) = f("+1)(c)¥k(n+1)!

(n+1)
k=d (4.13)

hay:
Y (n+1)!

Tu (4.12) va (4.13) suy ra:
f®-L,x) _ "

() (n+1)!
s R - _ f(n+])(c) - 4.14
va: f(x) L"(x)_ﬂ—_(11+l)! 7yi1(X) (4.14)

Vi x 1a mot diém bt k¥ cda [a,b] khong tring v6i cdc nit ndi suy,
nén c6 thé viét (4.14) dudi dang:

_ _ ~ f(n+1)(c) | 5
R, (¥)= f()= Ly(¥) =" P ) (19
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- trong do ¢ phu thuoc X v nam trén [a,b]. P6 14 cong thitc xdc dinh so '

hang du clia da thde néi suy L, (x).

nit ndi suy.

2/

Chi § rang (4.15) ding v6i moi diém cia [a,b], ké ci nhu’ng diém

Bat Mn+l max f("H)(x)] nhin du’dc ddnh gid sau doi vdi sai

asxsh
sO tuyét d01 clia da thifc ndi suy Lagrange: |
R ()] =| ()= Ly(x)| ”H' Tpi1(%)| (4.16)
- Nhin xéi: |
1/ Céch chitng minh trén khéng hé phu thudc vao cich. xay du’ng dang da '

thitc Lagrange ma chi phu thudc vao gid thi€t vé ham s8 y = f(x) c6

- dao ham lién tuc dén cipn + | trén [a,b]. Nén sai s6 (4.10) sé duge

dung chung cho ddnh gid sai s& theo x4p xi Newton & phin sau.

Vi néu ta xdp xi ham y = f(x) lai 12 mdt da thic thi
R, (x)= f("""l)(c):O. Nén viéc ding da thic Lagrange xdp xi mét
ham siéu viét trong thuc t€ ndo d6 ma ta da tién ligu trude, thi viée

ddnh gid sai s6 trén mdi c6 ¥ nghii, didu nay ciing ddng cho xap xi
Newton & phan sau:

Thi du 4.4 Cho bdng gi4 tri ciia him s8 y = sinx

7 4
X 4 2
y 0 0,707 1

Tmh gdn ding sm? bang da thic ndi suy Lagrangc va danh gid

sai 56 cila gid tri gin ding nhan dugc.

Giai

Dung (4.9), ta ¢é:

sin

(s (s
G

D& ddnh gid sai s ciia gid tri gan ding nhén dugc, ta diing (4.16).

T _®
3 @
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1 z#nrw
Vi M3 = max I(mrlx)Jw |—-1 nén: R2 £————=0,024
3 31 3126 :
Xe 0,—~
2
~ L3 ”
va: smg = (,85+0,03.
X 0.000 0.785 1.571 1.047
y 0.000 0.707 1.000 - | 0.865
0000 | 0629 | 0222 | 0851
0.000 ©0.000 ~0.000 1.234
-1.146 1.801 ~_0.000 -0:617
0.811 0637 | 0000 1.234
T 64l 00000

Pa thic bic 2 ndi suy: -0.336 x> +1.164 x

Nhén xét: Nhuge diém cda da thitc ndi suy Lagrange la tir da thifc ndi suy
bic k chuyén sang da thifc ndi suy bc k + 1, ta phai tinh lai tdt ¢ cdc s
hang ctiia da thifc ndi suy béc k + 1. Da thic ndi suy Newton xét dudi day
sé khac phuc duge nhuge diém dé.

$4. DA THUC NOI SUY NEWTON

A. Trudng hgp cdc nit ndi suy khong cich déu

1. Ty hié¢u

Gia stt ham s6 y = f(x) dugc cho dudi dang bing

X Xo X1 Xp X3 .. X; Xy
y | Yo Y1 Y2 ¥3 e ¥i VYinl
trong d6 y; = {(x;), i=0,1,2,.. vdl Ax; =x; 1 —x; #0 (i = 0,1,2,..)khéng -

bang nhau.

T9 higu flxixiql= S (Xi)— S(x;) — Yie1 = Vi , (i =l0_’]."2"“)
‘ Xit1 ~ x,- Xip1 =X '
goi 1a ty hiéu ciAp mot clia ham sd f(x).

Tuong ty, dinh nghia cdc ty hiéu cAp hai cia him s6 f(x)

Plsis oot = L2l i, 2 01,2,0)
Xi+2 — -
Téng quat ty hiéu cAp n clia hdm O t(x) nhan du’dc tr ty h1eu cap

n— 1 cGa ham s6 f(x) nhd cong thic truy hdi:



112 Chudng 4: Ba thitc ndi suy va phudng phdp binh phuone bé nhit

f[xi’xi+l’ "'3‘xi+n—1’xi+n] = f[xi-ﬂ 2 xi+n] — f[xii'"’ xi-l—n—l] ’
Xivn — Xj
(n=12,..; i=0,1,2,.) (417)

Chd ¥ rang ty hiéu 12 ham sd déi xiing cia cdc d6i s6. Chang han
Yie1r — Vi _ Vi~ Viy1
Xiv1 =X Xp— Xy

Mot tinh chit déng chii y ciia t§ hidu la: t¥ hiéu cAp n cla mot
da thic bic n bing hiing s6; ty hiéu cap 16n hon n ca mot da thiic béc
n bing 0. Vi tf hi¢u c4dp 1, gidng nhu dao ham c4p 1, i hiéu cip n,
gidng nhu dao ham c4p n, nén ty hiéu cip n cda mét da thic bac n
bing hing sd, vi dao ham c4p n cia mét da thdc bic n bing hiing
T S .

2. Da thiic ni suy Newton: truing hop cdc niit ndi suy khong cdch déu

Gid st trén doan [a,b] cho n + 1 gid tri khdc nhau clia cdc d6i s&
Xo, X1, X2, .., Xp (cdC X; khong cdch d€u) va biét, d6i véi ham sy = f(x),
nhiing gid tri tuong dng:
f(x)=y; i=0,n

Bdy gig, ta xdy dung da thitc ndi suy P,(x ), bic khong cao hon n

Slxisxi14]= = fIxip1,x;]

théa man di€u kién:

| P,(x;)=y;; i=0,n
theo cich ctia Newton nhu sau:
Theo dinh nghia, ty hi¢u cdp mot clia him s& f(x):

Flx,xq] = JS(x)—yg
. x—-xo
Do dé: _
- f(x)=yo + (x = xg) flx,x4] (4.18)

Dung dinh nghia ty hiéu cip hai ctia him s& f(x), ta cé:
f[xsx{)]'"f[x(]axll
X —Xx
va:  flx, xol—f[xo,x1]+(x xl)f[x X5 Xtl
Thay f[x,xg] vao (4. 13), nhan dlrdc
Sx)=py+(x— xa)flxﬁ x1]+(x xo)(x x1) flx, x4, %11
Tlep tuc qud trinh tfén, ta c6: '

f[x Xg,X1]=
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(x)=y +(x—Iﬂ)f[xu,[ﬁh(x—xo)(x—’ﬁ)f[xg,xl,[ﬁ]+...+
(= XY = X )ors (X = [ %1) S 125 X100 X 1+
+ (X = X0 )X = X1 Yo X = Xy )X = X ) F1X5 Xy evey X,
‘ (4.19)
' tifng s6 hang ki hiGu |x,_; va Iﬁlﬁ dé chi ¥, chiing hon nhau 1 bac.
V& phdi cia (4.19), bé di s6 hang cudi ciing, 12 mét da thirc bic
I 6ngldn hon n: :
F(X)= yo +(x = xp) flxg, X 1+ (x = x0)(x = x1) f1x9, %1, x5 | +
FeveeF (X = X0 )X = X1 )or(x — X,y 1) 1 X0 X1y oeny Xy ]
Do dé, (4.19) c6 thé viét dudi dang:
f(x)=P,(x )+R,(x)
vdi s& hang cudi cling ta dat:
R, (x) = (x = x)(x = X))o X = X, _1 )X = X)) [1 X5 X500 Xy ] 4.21)

(4.20)

Dé thy rang: R,(x;)=0;i=0,n, va:
f(xi)':Pn(xf)+Rn(xi):Pn(xi); i:ﬂ,n

Viy P,(x ) la da thite ndi suy tién Newton cia ham sé f(x). Vi

tinh duy nhit cda da thdc ndi suy (dinh 1§ 4.1) nén da thidc nay hoan
toan gidng da thifc nji suy Lagrange, chi khdc v& cdch xay dung. Céch
xdy dung ndy dya vao bdng cdc ty hiéu clia ham sé f(x), nén da thitc duge
thanh 13p dan theo cdc nit ndi suy va khi thém ndt ndi suy, khong phai
lam lai tir dau nhy d&i véi da thic nodi suy Lagrange.

Da thife (4.20) goi 1 da thidc ndi suy Newton tién xudt phat tir it
Xpcda ham s8 f(x). R, (x )xdc dinh bdi (4.21) 1a sai s6 ndi suy.

- Bang cdch lam tuong tu, ta xdy dung dugc da thiéc ndi suy
Newton lii xuit phit tif ndt x,, clia him 8 f(x):

Po(X) = yp +(x—2,) f1x5 5,1 1+ (X = X, WX = X0 ) X5 X g X g |+
e (X =2, ) = Xy )X = X )end (X = X0 ) [ X X150 X5 X |
S ‘ (4.22)
véi sai s6 noi suy: - | |
' Rn_(x') =(x— xn)(x — Xy )e(x - X1 Wx - xﬂ)f[xsxn s Xp—1-3X1> x(]]
o ' (4.23)
Chut y:
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Thi du 4.5 Cho ban

Theo dinh 1y duy nhdt nghiém thi da_thdc ndi suy Newton tién
(4.20) sé& tring vdi da thiic ndi suy Newton lui (4.22)
Néu himsdy = f(x) c6 dao ham lién tuc dén cdp n + 1 trén [a,b] chifa

tat cd cdc nit ndi suy x;; i =0,n thi sai sd ndi suy R,(x )cho & dang
(4.10) van dp dung dugc ddi vé6i da thiic ndi suy Newton tié€n xudt pht
tir niit X, cling nhu d6i vdi da thdc ndi suy Newton lii xuat phat tir nit
Xn clla ham s6 f(x).
Cong thiic (4. 20) rdt thuin lgi cho viéc ndi suy gid tri clia ham s f(x)
tai cdc di€m x gan v@81 xg, cOn cong thiic (4.22) thlrdng diing dé noi suy .
gid tri cha ham s6 f(x) tai cdc diém x gin vdi x,,.
gid tri clia hdm s6 y = f(x)

X 0 2 3 5 6
fix) | 1 3 2 5 6

1. Xay du’ng da thic noi suy Newton ti€n xuit phat tif niit xo = 0 clia
ham s8 y = f(x).

2. Duing da thic ndi suy nhin dudc tinh gin diing f(1,25).

3. Xay dung da thic ndi suy Newton liii xuét phat o nit x4 = 6.

4. Xdy dung da thic ndi suy Lagrange véi bdng ndi suy § trén.

Gidi

1. TY hiéu cdc cdp cia ham s6 y = f(x) dudc tinh trong bing sau:
N . y tihiéu | tihidu | tihidu | tihidu |tihigu
cép 1 cép 2 cap 3 c5p4_ cap 5
0 | x=0| jp=1
1 | =2 | »n=3| [
_..2 X9 =3 yz-—z -1 -_—2 :
3
3 X3=5 y 5 1 1/2 5/6 i
3 3 10
-11
4 | x4=6]| y,= 1 -6 | - s | |[/== 0
. ! 120
Vidiy 1a m&c khong cdch déu, nén ta dung ty hiéu: .
y1—yp _3-1 y3—yy _5-2_3
Xg»X1|= = 21.... X9.,X = —_—
flxo 1] xp—xp 2-0 f[ 2 3] X3 =X, T 5-3 2
Ya—y3 6-5
flxgxy|=2—2= =1
xX4—x3 6-5
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Dung céng thic (4.20), ta cé:

Py(x)=1+ (x—0)+ x(x—2). %2 +(x - 0)(2e— 2)(x—3j. % +
«x40)tx22)(x~3)(¥~5) -]
T120]

-11—216(}:4 —10x3 + 3142 —30x)+i(x3 —5x? +6x) -
2 | 413
““(x2—2X')+l(x)+1=—£ 4+2x3—601x2+ x+1
3V e 120 60 120 60
2. Ding k€t qua nhan duge & ciu 1, ta c6: -
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f(1,25) = P,(1,25) = 3,9311525
3. X4y dung da thitc ndi suy Newton liii xudt phdt tir nit x4 = 6.
1 1 ' 11
S (y)=6+G-6)x1Hy -6)@-5)(-8 HY-6)(y-5)(y-3)- 1 Hy-6)-5) '3)(3’-2)(“@]

11 4 73 3 601 5 413

nhén xét: Newton ti€n hay 1bi hoan toin giéng nhau.

+1

4 Xdy dung da thic ndi suy Lagrange:

X 0 2 3 5 6 1 1/4
y 1 3 2 5 6
123/947 | 4 619/711 |-1219/256| 1 153/512. | - 424/827 [3 541/581
1/180 - 445 | 911180 | -1 15 1 180
- 1/8 1 3/4 7 78 | 11 14 0 24
1/9 A 4/9 5 7/9 6 23 0 18
- 16 1 5/6 -6 6 0 -30
1/12 - 5/6 2 712 | -2 12 0 72
- 11120 | 1 13/60 |-5 1/120| 6 53/60 1 MS
11 73 601 413
f(x)=——x4+—x3——x2+-—-x+1,
120 60 120 60

1 .
S(1,25) = Py(1,25)=3,9311525= 3%, ta ¢6 thé tinh né bang Hooner.
Nhan xét: Pinh 1y 4.1 cho thiy: ndi suy theo Newton hay Lagrange thi da
thitc ndi suy 1a duy nhit, nghia 1 ching déu giéng nhau.

B. Trudng hgp cdc nit ndi suy cdch déu
1. Hi¢éu hitu han
Gia st ham sd y = f(x) dudc cho dudi dang bang

X X0 X] Xz X3 e X:' Xi+1
y | Yo Y1 Y2 Y3 - Yi Yin

trong d6 y; = 1(x;), 1=0,1,2,... va cdc niit cdch déu nghia la |x; =xy +ih

hay [x;,1—x; = h| (h1a hang s6>0,i=0,1,2..).

Khi dé6: Ay; = ¥; 1 — ¥; goi la hiéu hitu han ti€n cip mot cia ham

s& f(x) tai di€m x,.
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A%y, = A(Ay;) = Ay;.1 — Ay; goi 1 hiéu hitu han tién cip hai cia
ham s6 f(x) tai diém x;. '

Téng quit: A"y; = AA" ;)= A"y — A" Ty; goila hiéu’
hiiu han ti&€n cip n ciia ham s& f(x) tai di€m x;. B -

Biy gid, ta dinh nghia cdc hiéu hifu han lbi: Vy; = y; —y; 1 goi la

hiéu hitu han 10i cAp mot ciia ham s6 f(x) tai diém x;.

V2, =V(Vy;) = Vy; —Vy;_y goi 1a hiéu hitu han 1ii c&ip hai cia
ham so f(x) tai di€m x;.

Tong quat: V"y; =V(V" 1 y) = V"_lyi ~v* 1y, | goila hiéu
hifu han li1i cip n cda him s& f(x) tai di€m x;.

Gidng t¥ hidu, hidu hitu han ciing cé tinh chit dang chi § sau:
hiéu hitu han ti€n hoic i cAp n chia mdt da thitc bic n bing hiing sd;
hiéu hdu han ti€n hoiic lii cap 16n hon n cia mét da thiic bic n bing
khéng.

Duya vio dinh nghia cdc ty hiéu, hi¢u hitu han tién va hiéu hitu
han lii, dé ding thiét 1ap dudc nhitng c6ng thic lién hé sau:

Ayg Vi
X ,x = - —
SflIxg,xq] P -
2 2
flxg,x1,x3]= = " 4.24)
v 252 2Kt
_ n. n
f[xg,xl,...,xn]=A Yo =V Yn
i "

( cdc cong thic thé hién: “ti€n & cyc trdi, i & cuc phdi ©).
m Mo
Thit vay: flxg,xy,x,1= flxpxal= il n b 2%
X7 —Xg 2h 21],2
Ching minh bang qui nap: gid st céng thic ding véi (n-1):
flx1,X9 500X, 1= fIXgs X1 30 X _1]=
Xp — X0

f[xl),xl v--axnl =

_ 1 An-—lyl An—lyo _ An—lyl __An-—lyﬂ =lAny0

X=X | (n=1)1" (n—1)tp"] nth"! nth"
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cdc bi€u thirc khdc chiing minh twong ty, chi dya vao dinh nghia: i hiéu,
hiéu hitu han ti€n va hiéu hitu han Idi cda chiing ma thoi.
2. Da thiic nji suy Newton: truong hop cdc niit nji suy cich déu

- Viciéc nit ndi suy cdch déu chi 1a trudng hop dac biét clia cdc niit
ndi suy khong cdch déu, do do dé xdy dung da thic ndi suy Newton tién
xuéit phat tir niat (NTCD) xO cua ham s f(x) trong trudng hgp cdc niit

" ni1 suy Xi cach déu: X; =xg+ih|, i=0,n,ta chi can thay trong (4.20):
L P, (x)=y, +(x~—x0)|f[xﬁ,x1]+(x~x0)(xéxl)lf[xo,xl,x2]+...+

A+ (x—xp)(x—xp)en(x Xp—1)| S[X5 X1 5000y X ]

cic ty hiéu biing cdc hiéu hitu han tién tudng ing cia (4.24), ta c6:

A2y0
2112

| . | . . An .
F(x —x9)(x = X1 )X — X))o (X — X4 )‘ yr?
nlh

Ldy xg lam g6c: Biy gids thay bién x biing bién t,

A
P,(x)=y +(x—x0)—;l:~9ﬁ+(x—x0)(x-x1 +ut

x—xo

ta dat:|x= :xo +:}__z;' :_:_> t=
Xx—xg=ht=x-x;=x-(x, -}-ih):x—xo—ih:h(t—i),

suy ra

X; N L, . o
L =¢—i, th€ vio trén ta c6 da thiic NT theo bién t:

(1)
2!

(X) P (xn + hf) yo +tAy0 +
(4.25)

t(t 1)(: 2) (t—-z) ..(z n+1
D6 12 da thic noi suy Newton ti&n xudt phét ti¥ niit xp_cda ham
sO f(x) trong trudng hgp céc niit ndi suy cach déu.
Hoan toan tudng ty, diing cdc cong thitc (4.22), (4.24) vdi chd ¥
rang cdc ty hiéu cé tinh chit ddi xding ddi vdi cdc dbi s3, ta nhin dugc
cdng thitc cla da thic ndi suy Newton lai (NLCD) xuit phat tif niit x,,

clia ham s6 f(x) trong trudng hop cdc nit ndi suy cach déu.
P,(x)= Yu +{x— xn)f[ ns n—1]+(x n)(x xn-l)f[ ne n-—l’.xn——2]+
ot (X=X, WX = Xy )e( X — X))o (X = X7) f X Xy 130003 X15Xp ]
' ' (4.22)
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1t + 1)

P, (x)=P,(x,+ht)=y,+ ZVyn Vz Y+t

(4.26)
t(t+1)(t+2) t+nr-1i). (r+n—1)vn

n!

Do bién déi nhu sau: 18y x,, lam goc: x = xn +ht x, =Xy +nh,

x; = xg +ih=(x,—nh)+ih=x, +h(i—-n)= |x-x; =h(t+n-i)

-

ip dung cong thifc ndy, th€ vao ta c6: x—x, =ht, X— X, =h(t+1),
X=X, p=h(t+2), x—x;=h{t+n-i), .., x—x =h(t+n-1).

3. Sai s0 cua da thiic nji suy Newton tronlg trudng hop cdc nit ndi suy
cdch déu
Gi sit ham s8 y = f(x) ¢6 dao ham lién tuc d&n cdp n + 1 trén [a,b)

chifa tit cd cdc niit ndi suy cich déu x;: |x; = xg +ih| (i=0,n).

Nhu nhén xét & phin sai s& clia Lagrange, ta s€ 14y (4.10) 1am sai
0 thay vao (4.10)

~ ~ b — 1Y X —
s& cho x4p xi Newton, Pat x = xo+ ht, nghia 1a # =
1

ta nhan dugc coéng thic vé sai s6 cla da thic ndi suy Newton tién xuat
phat tif niit x, ctia him s& f(x) trong trudng hgp cdc nit ndi suy cdch déu:
X—Xx; = h(t—i).

' . n+1 (n+l)
R, (x) LAIOW .t(t 1) (: n) (4.27)
: (n+D! '
trong d6 c 1a gid tri trung gian giifa cdc nit ndi suy Xo, X1, -, Xn Va diém x.

i - trong (4.10) ta nhin

= - s X -
Tuong tu, dat x = x,,+ ht, nghia la 7=

ducc cong thic vé sai s& clia da thiic ndi suy Newton lui xuat phat ti
nut x, cda ham s6 f(x) trong trudng hop cic ndt ndi suy cdch déu:

R, (x)= e +1 t+n (4.28)
0 (X) = (s 1)! ( ) ( )
trong dé ¢ 1a gid trl trung gian gilfa cdc nit ndi suy Xo, Xy, .. Xn v diém x.

Trong trudng hop A"y cGa ham s§'y = f(x) hiu nhu khong doi
va h dd bé thi do (4.24) ta cO:
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. An+1y (n+1)
Jim £ = 1),

nén ta cé thé xem:

An+1y0

(n+1) .
f (C) - hn+l

va (4.27) ¢6 dang tién:

(1)t —1) st
(n+1)!
Tuong ty, (4.28) ¢6 thé viét dusi dang i :
t(E+1)e(t+ 1) pid
Vi v,
(n+1)!

Thi du 4.6 Cho bdng ndi suy : .
X | 1,9 2,1 2,3 2,5 2,7

f(x) | 11,18 14,78 17.89 23,52 28,56
1/ Vi€t da thitc Newton tién cich déu f7 (1), tinh fr (2)
2/ Vi€t da thic Newton Idi cich déu f (¢), tinh £ (2)
3/ Vi€t da thitc Newton ti€n khong cdch déu fr (x), tinh fr (x=2)

R,(x)~ (4.29)

R, (x)= (4.30)

yi=A%; | Aly, Ay Apy Ay
1L18
3.6
14,78 —0,49
3,11 3,01
. 17,89 ’ 2,52 -6,12
5,63 -3,11
23,52 -0,59
5,04
28,56
vy 7 V54 V3y, V4

Ayp=3.6,  Alyy=-0.49 Ay=3.01  A*py=-6.12
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Vpy=5.04, V2y,=-0.59 V3pg=-3.11 Viy,=-6.12

1/ Pa thitc ndi suy Newton tié’n‘

fr(n)= y0+tAy0+t(t—1)

4
(E—1)(1 - 2)(2 - 3)A y”

3827 9”12{-1219:3— 51 4
600 "200° 600 200

= 0.5] =13.4684375

C::’_fT (f)=11,18
2-1.9

vay fr [" =

2/ Pa thic ndi suy Newton lui:
v’ .Vn

fi(t)=y, +tVy, +t(t+1) sz,, +H{(t+1)(t+2)

+:(:+1)(:+2)(t+3)V y n

1307 931 2 1229 B_ 51 A
200 600 - 200

_ _3'.5] — 13.4684375.

! 2-2.7
Vi f=
iy .fL( 02

3/ Sinh vién ty 1am:

3 4 3
=—-159— +1465 —-5013—

2
12 7sg7 287 L 4279292
480 741

fr(x=2)=13.4684375.

Nhén xét: tuy 3 da thifc NTCD va NLCD va NT khong cach déu c6 khac
nhau vé€ cdu tric, moc t cling khéc theo, nhung gid tri ham thi nhu nhau.

Thi du 4.6 Cho bing gid tri ham s6 y = sinx

X 15° 20° 25° 30°
y =sinx | 0,258819 0,342020 0,422618 O, 500000
1. Dung da thifc ndi suy Newton tién xudt phat tit nit xo = 15 tinh gan
" ding sin 16°.
2. DPinh gid sai s& clia gia tri gin ding nhin dugc.
Gidi
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1. & day cdc ndt ndi suy cdch déu v6i h = 5. Lap bdng cdc hiéu hitu han
ti€n, ta cé: Mdy 570MS--> Mode Deg, sin(15") =0,258819....

T x |y | & | Al Ay | Aty
0 15° |0.258819
1 20" | 0.34202 |'0.083201

2 25 | 0.422618 | 0.080598 | -0.002603
3 30" | 05 | 0077382 " 0.003216 | -0.0006: 0
Ayg = 0.34202 - 0.258819 = 0.083201,
Ay = | 0.422618 - 0.34202 = 0.080598
Ayy = y3—y3 = 0.5-0.422618 = 0.077382
Ay = Ay, —Ayg = 0.080598 - 0.083201 = - 0.002603
Aly; = Ay, — Ay = 0.077382 - 0.080598 = - 0.003216
Ay, =A%y —Alpy=  -0.003216 + 0.002603 = - 0.000613
Theo cong thitc (4.25): 1 = x"kx" = 1605_0150 =0,2
sin16° =[0,258819] + 0,2 x[0,083201 +“’—2(;w (=0.002603)|+

+ 09 2(_038)("138)
3!
Ta cé thé tim da thic tién cdch déu theo bién t:
fr (£)= -0.000102233 17 -0.000995 #*+0.08429812¢ +0.258819.

(-0.000613)| = 0,275638

2. PE dédnh gid sai s3 clia gid tri gdn ding nhén dugc, ta ding (4.27) véi

n=3.Tacé:
_. 57 ‘
sin("ﬂ(x)‘ =|sinx |<1,Vx, At = [ﬁ) f—1=-08,...,-3=-2.8,
| 1(s5zY - |
lRJ (160)1 =|sin16" - 0,275638 |< Z{ﬁ) 1 (0,2)(~0,8)(~1,8)(-2,8)

< 0,0000019 ~ 0,000002
 Viy sin16 = 0,275638 £ 0,000002 .

Thi du 4.7 Cho bang gié tri ham s8'y = sinx § thi du 4.6.
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1. Dung da thu’c ndi suy Newton 10 xudt phat tr nat X3 = 30°, tinh gin
ding sin 31°. _ _
2. Ddénh gi4 sai s6 cla gid tri gan ding nhan du’dc
Gidi
1. Dua vao bé’mg cdc hiéu hitu han & thi du 4.6, d€ thily rang:
Vy; =0,077382; V?y; =—0,003216; v? ¥3 =-0,000613
x-x3 31°-30
= =0,2
h 50 '

Theo cong thic (4.26): ¢ =

| . 2x1,2 - i
sin31% =[0,500000]+0,2x[0,077382 +0’L (—-0.003216)|+

2!

0,2x1,2x2,2
-+ :
3!
Td c6 thé tim da thifc 10i cdch déu:
f (£) = -0.00010223 343.0. 001915 £2 +0. 07556911 +0.5

v fL(Sl 30

(Z0.000613)| = 0,5150366

] = 0.5150364

2. Bé danh gia sai so clia gi4 tri gan ddng nhin dugc, ta dung (4.28) v6i
n=23.Taco: :

4 ' . :
|R3(31 )! _|sm31"—0 51503661<—(%) x0,2x1,2X2,2X3,2 =

=0,000004 |
Vay sin31" = 0,515037 £ 0,000004 .

Nhén xét: Qua cdc thi du 4.6 va 4.7, ta thiy rang néi chung phép tinh
ngoai suy kém chinh xdc hdn phép tinh ndi suy.

$5. PHUONG PHAP BINH PHUONG BE NHAT

Tim D4 thi xap xi & hai phuong phip Lagrange va Newton 1a qua cic nit -
n01 suy Con & day ta s& khdo sdt db thi khong di qua cdc nit ndi suy.

| - Phudng phdp binh phu(mg bé nhat thu’dng duge diing d€ lap cong _

thitc thyc nghiém. Gid s can tim quan hé ham s6 gilta hai dai lugng x va

'y. Mu6n th€ ta ti€n hanh thi nghiém, rdi quan sit, do dac, ta nhin dugc

bdng gid tri tuong Ung sau: ' R
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x | Xq Xy . X; . Xn

y -VI y2 ves yf vas yn

Viéc tir bang trén tim ra quan hé ham s6 y = f(x) cu thé goi Iﬁlé_ip cOng
thifc thuc nghiém. N6i chung khéng c6 kha ning tim ra ham s& f(x) diing
hoan toan. Ngay viéc tim ham s8 x&p xi cida ham s6 f(x) bang phudng
phdp binh phuong bé nhit ciing rat phifc tap n€u khong bi€t trudc dang
ctia ham s& xdp xi. O day, dé€ don gidn, ta chi xét trudng hgp dang cta
hiim s& xdp xi di biét, d6 12 nhu’ng dang sau: ‘

y=a+bx+ cx’?

y =a + bcosx + csinx
L y= ae"" (a>0)

y=ax" (a>0) L :
trong do a, b, ¢ 1a nhitng tham s& dugc xdc dmh bang phu’dng phdp binh
phuong bé nhat.
'Riéng cdc dang xdp xi sau ddy da dugc Hang Casio Nhit cho cai dat trén
cdc mdy tinh bd tdi Fx570MS, VN-Fx570MS, Fx570ES,....
1/ Dang tuyén tinh: ¥ = A+ BX
2/ Dang logarit: Y=A+B.InX
3/ Dang miu: Y=A.eBX,A_>0:>Y>0

4/ Dang luy thira: Y=A.xB,A'> 0,x>0=Y>0

o poge

5/ Dang nghich ddo: Y = A+B.-‘1§

6/ Dang bac hai: Y =A+BX +CX?

Véi sdu dang niy chi cin dua sd liéu vio v mét vai thao tdc nho, mdy s€
cho ta ngay két qua cdc hé s A, B, C cén tim, va cé thé dy bdo mdt vai
dir liéu thuin va nghich. Phin niy c6 thé tham khdo thém sdch XSTK va
FX570MS cho toan cao cap, phuong phép tinh, XSTK ciia ciing tdc gia.

~ 5.1 Trutng hop y phu thude cdc tham s6 mdt cach tuyén tinh
a.y=a+bx
Vi cdc cap $8: (X1,¥1),(X2,¥2),-(XnnYn) nhdn dugc tir thi nghiém chi
Ia nhitng gid trj xdp xi cda clia x, y nén ching khéng hoan toan nghi¢m
‘diing phuong trinh y = a + bx, nghia la: |
yi —d— bxl =&
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Yp—a-bx, =¢g, .
trong d6 &;,E3,..,&,, 12 cdc sai sO. Phuong phdp binh phuong bé nhit

‘'nham x4c dinh a, b sao cho tng binh phuong cdc sai s6 néi trén 1a bé

. H
nhit, nghia la: §=3 (yi—a-bx;)*
i=1
bé nhat. Nhu vay a, b phdi thda méan hé thong phuong trinh:
i
9 _y > 2y; —a=bx;)(-1)=0
oa h i=1
oS ay. * n
§5=0 Y 2(y; —a—bx;}(-x;)=0
li=1
f n "
na+by x; =y
Rut gon, ta c6: yoo e | (4.31)
H n 1 .
2
ay, x;+b xi =2 x;y;
i1 i1 ia

Day 12 mot hé théng hai phuong trinh hai 4n s6 a va b. Giai h¢
théng ndy, ta nhin dudc a va b phdi tim.
Thi du: Cho béng cédc gid tri: .
X 2 4 6 8 10 12
y |732 824 920 10,19 11,01 12,05

Hay fim cong thifc thuc nghiém 6 dang y = (a+bx)” .

2 2

y= (a+bx)3 —a+bx=y3, tatima,bqua2hing x=X va Y=y
x=X| 2 | 4 | 6 18 10 12
y 7.32 8.24 9.2 10.19 11.01 12.05

y— ;3 |3.760995|4.079605 |4.390614 |4.700198 | 4.049085 | 5.256032

Ap dung (4.31) ta s& thu dugc a=3.488, b=0.147.
b.y=a+bx+cx2 '

n . 2
Trong trudng hgp nay, aé S=) (y,- —a—bx; - cx,z)
: =1

bé nhait, a, b va ¢ phai thda min hé thdng phuong trinh:
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g_S i‘(y,-—a hchx )( 1) -0

13~ > 2y i—abx —_cx?)_(fx;) =0

i......

=

las o o,
== Zz(ya ~a—bx ,-—-cxf)(—xf):o

o,
.'1 :

0

| o na+bzx +ch “ZJ’:

i=t

Rit gon, nhan dudc: '#aZx +bz.x.+c2x -—Zx,y,‘.'."..(_4.3'2)1-'._
I ' B b S i=r '

| aZx +bz.f .+c2x = Zx,y,' |
QII Ci=l

Bay 1a mot hé thong ba perdng trinh ba an s6 a,bvac. Glai he
" théng nay, ta nhan dugc a, b va ¢ phéi tim. '

cy=a+ bcosx +esinx

Léap-luin tu’dng t ner tren de S Z( ;—a— b-'cosx- —..csin.x,'-)
bé nhat a b va c pha1 thoa min he thong phu’dng trmh

Hn
| aS = 20~ f"*-.-_bcosx,--C'S.‘“xrf)(‘”-:” L
aS B L _
{ Ten ZZ(y, —a— bcosx ~csin x; )( COS-’C) 0
_ =1 - L
as . |
-75__,22(3;: a— bcosx ucsmx)( Slﬂx;) 0
c ,

- Rt gon, nhan dugc:

[ n n oo
|na+b) cosx; +cY sinxj=> y;

- i-1 . ==l
E aZcosx +b2cns x; +LZCOSJC sin x; —Zy?cosx o (;4'-13_3_)

fl_' .'i.""'_-'__tl =l

| aZsmr +chosx sin x; +chm X; -—Zylsmx
L=l B £ _ =1 i=1
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Piy 12 mot hé thdng ba phuong trinh ba 4n s6 a, b va c. Gidi hé
th6ng nay, ta nhan duge a, b va ¢ phdi tim. Xem Thidu4.12
Thi du 4.8 Cho bdng cdc gia tri '

X

0,56

0,84

1,14

2,44

3,16

Y

- 0,80

- 0,97

- 0,98

1,07

3.66

Hay ldp cong thitc thuc nghiém cé dang y = a + bx +ex”,

- Gidi
D€ tim cdc hé s8 clia hé théng phudng trinh (4.32), ta 1ap bdng sau
Y | x| | x| ow | x| Xy
0,56 | 0,314 | 0,176 | 0,098 | -0,80 | -0,448 | -0,251
0,84 | 0,706 0,593 | 0,498 .| -0,97 | -0,815 | -0,685
1,14 | 1300 | 1,482 | 1,690 | -0.98 | -1,117 | -1274 |
244 | 5954 | 14527 | 35445 | 1,07 |.2,611 | 6,371
3,16 | 9,986 [31,554 | 99,712 | 3,66 | 11,566 | 36,549
5 | | ] |
. 8,14 | 18,260 (48,332 | 137,443 | 1,98 | 11,797 | 40,710
i=1

Tir d6 hé thong (4.32) ¢6 dang sau:
Sa+8,14b+18,260c=1,98
8,14 + 18,2605 + 48,332¢ = 11,797
_ 18,260a + 48,332h +137,443¢ = 40,710
Nghiém clia hé thdng ndy la: a = 0,5 = -2 vie=1 , viy: y = x> - 2%
By gid ta thi¥ tinh ¢dc gid tri mdi clia y = x* - 2x tai cdc diém x;
va s0 sdnh ching vdi cdc gid tri y; da cho.

X 0,56 0,84 1,14 244 3,16
y -080 -097  -098 1,07 3,66
y=x’-2x |-0,8064 -09744 -0,9804 10736 3,6656
_ E—
= I
3 37
] |
o o 1]
oY ys 5 25 3 CNG@s 1
'-1:_:] o o l
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K&t quéi cho thdy gid tri cia ham s6 y = x> -2x tai c4c diém x;
khdc v6i cdc gid tri y; cho trong bdng khong ding k&, xem db thi roi rac -
va dd thi ham xap xi Ia khit vao nhau. Thuc chit dd thi trén “xém di qua“
céc nit ndi suy, chit khéng nhu phudng phép Lagrange hay Newton.

5.2 Truing hgp y phu thudc cdc tham s& mot cdch phi tuy&n
a.y=ae”, a>0
L4y logarit hai v&, ta co:
lgy=Ilga+(b.lge)x (4.34)
Pat: lgy=Y,lga=A,blge=B,x=X (4.35)
Khi d6, (4.34) c6 dang: I
Y =A+BX . (4.36)
Nhu viy bing cich 18y logarit hai vé, ta dua quan h¢ y = ae”™ phi tuyén
d6i v6i a va b, v& dang tuyén tinh d6i v6i A va B. Sau d6, im A va B nhu
trong muc 5.1 va tinh ra a va b theo (4.35). :

b.y= ax’, a>0
LAYy logarit hai v€, ta c6:

lgy=lga+b.lgx (4.37)
bat: lgy=Y,lga=A,b=B, lgx=X (4.38)

Khi d6, (4.37) c6 dang: :
Y=A+BX (4.39)

Nhuit viiy bang céch 18y logarit hai v€, ta dua quan hé y = ax” phi tuyén
di véi a va b, vé& dang (4.39), tuyén tinh d6i v6i A va B. Lai im Ava B
nhu trong muc 5.1 va tinh ra a va b theo (4.38). ‘

Nhdn xét
1. Timuc 5.2 thiy rang n€u cdc diém Mi(x;, 1gy;) n6i chung phin bd tren

mot duong thang thi quan hé ham s0 giita y va x c6 dangy = ™
Tuong ty, néu cic diém M(lgx,, lgy;) ndi chung phian bo trén mot
dudng thang thi quan hé ham s6 gitay vi x cé dang y = x°.

2. Trong cic trudng hdp trén, ta déu gia thiét da bi&t trude dang cia
quan hé ham s& giira y va x. Trong thyc t&, dang cia quan hé ham
s0 gilta y va x thung do cdc dinh lujt cua vat ly, ky thuit gm ra.
Trong truong hgp khong biét gi vé dang ctia quan hé ham sO giltay’
va X, ta ¢d thé 1am nhiéu thi nghiém, loai bd cdc ké&t qua vd 1y, sau
dé bifu didn cdc cip sé (i, yi) thanh nhitng diém M; trong mit
phing toa do Oxy. Cin cif vao sy phan bé ciia cac diém M; trong
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miit phang toa dd Oxy, ta suy ra dang hgp Iy nhit cda quan hé ham
sO gilta y va x.
3. Viéc xdc dinh cdc tham s& bang phudng phdp binh phudng bé nhit
cang chinh xdc, néu s& cdc cap s6 (x;, yi), nhin dudc tit thi nghiém,
~ cang nhiéu hon cdc tham s6 ¢6 mat trong dang clia quan hé ham s&
gilfa y va Xx.
Thi du 4.9 Bang dudi diy:

t 145 | 300 | 64,55 | 745 | 86,7 | 945 | 98,9

k 0 0,004 { 0,018 | 0,029 { 0,051 | 0,673 | 0,090

cho gid tri cua suit din dién k cla thiy tinh phu thudc vao nhiét do t (tinh -

theo UC) . Hiay tim c6ng thic thuc nghiém cia ham s& k = f(t). |
Gidi

Cic diém M;(t;,logk;), (i = 1,.,7), trit diém ddu tién, néi chung nam

trén mot dudng thang (bdng 4.1 vi hinh 4.2). Vi viy cf)ng" thic thuc

nghiém c6 dang: |k =be®|. D& tién, dat:

1000k = c.e™ | (4.40)
trong d6 ¢ = 1000b. 'Léi_'y logarit thip phan hai v€ cla (4.40), ta cé:

= log(1000k) = loge + aMt | (4.41)
trong d6 M = 10ge-043429 o '
_ Bang 4.1

¢ | 145 | 300 | 645 | 745 | 867 | 945 | 989

logk | - | -2,3979 | -1,7447 | -1,5376 | -1,2924 | -1,1367 | -1,0458

Céc hé sd loge va aM trong cong thifc (4.41) dude xdc dinh bang
phudng phép binh phuong bé nhit dya trén sdu cap gid trj ctia t va k. (trif
cap (14,5;0) loai bd vi khéng hgp 1y). Be fim cdc hé s& cia hé phudng
trinh (4.31) ta lap béng sau: '

. .Mjl
EII:I
1.2 : ' '
Ms QO -1.2
14 M, 1.4
a
.6 1.6
‘ My -1.63
1.8 4 81
_2 2
229 M, _ 227
2. e T F T — 2.4

3 40 1 6 70 @ @ 100 3 40 &0 & 70 € S 100
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Hinh 4.2
t ¢ ] y=1log(1000k) Ly
30,0 900 0,6021 18,063
64,5 4160,25 1,2553 80,967
74,5 555025 | 14624 108,949
86,7 7516,89 1,7076 148,049
94,5 8930,25 1,8633 176,082
98,9 9781,21 11,9542 193,270.

6 C ’

) 4491 36838,85 8,8449 725,380

i=1

Tir bang trén, hé phuong trinh (4.31) ¢6 dang sau:

6logc+449.1xaM =8.8449
{449.1 logc+36838.85xaM =725.380
hay: {lo gc+74.85xaM =1.47415
logc+82.028lax M =1.61519

Nghiém. ctia hé phudng trinh la:
aM = 0,01965 ==>a =0,04525
loge = 0,00335 ==>c¢ = 1,00774

Vay ham s6 k = £(t) phdi tim ¢6 dang: k = 1,00774x107 "% )

c. Dang nghich ddo: 'Y —A+ B.?l{-, ta c6 2 cach x&p xI:

fon , 1
eCach 1: N&i suy tryc ti€p bang ham ddo: (Inv), ¥ = A+B.—X—

eCiach 2: Noi suy gidn ti€p bang ham tuyén tinh: ¥ = A+ B.;{—

Ta thay dong dit lidu X bang 1/X, dong dir liéu Y van dé nguyén, va
fim 2 hé s& A, B gidng nhu 13 hdi qui tuyén tinh & trén.

1
Thi du: Cho bang ndi suy clia mthamddo ¥ =4 +B.} nhu sau:

X 1 3 5 7
y| 23 | -1.1 | -2.2 -2.02

. _ .
1/ Tim cong thic thyc nghiém c6 dang: (Inv), Y=4 +B'§

2/ Dy dodn khi cho X=9 thi Y=7
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3/ Du dodn khi cho Y=-2.3765 thi X=?

Giai
X Y
1 23
3 1.1
5 -2.2
7 | -2.02

*Céch 1: Néi suy tryc ti€p bang ham mi: (Inv), ¥ =4+ B.—;{—

Mode -->REG --> Inv, vao 4 6 dif liéu sau: | X EH_lM+ ,

[ [23]a1 <], 3] (1127 4], [3]
T 8§ —VAR > [A] dé duge hé s A = -2.96163.
T8 -VAR >0 [B] d€ duge hé s6 B = 5.265835.

| , | 1
«Cich 2: Noi suy gidn ti€p qua ham(Inv), Y =4 +B.E.

fim A va B theo hdi qui tuyén tinh:  «

X Y 1/X
1 . 23 ‘| 1
3 -1.1 0.333333
5 -2.2 0.2
7 -2.02 0.142857
Mode —> REG --> Lin, vao 4 6 dit liéu sau: |~ [] [F]2

X.

1

W[J2a3[a+],  [0.33333]]|[cra]m ],
2][J[c22[a+], [0.142857][ ] [-2.02] M 4],
TS —VAR bbb [A] dé duge hé s6 A =-2.96163.
T § —VAR > [B]. d€ dugc hé s6 B = 5.265835.
2/ Du dodn khi cho X=9 thi Y=?
9T §—VAR > | y| d€ dude ham du bdo: | y|=-2.3765.

3/ Du dodn khi cho Y=-2.3765 thl X=?.

237657 S—VAR bbb | x | d€ dude bi€n du bdo: [x [=9. M

5.3 X4p xi tdng quit biing luat td hgp cdc ham cd sd.
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Qua bd m toa do, ta xap xi ham theo lufit t5 hop cdc ham nhu sau:
i=n '
f(x)= 3 ¢;fi(x), rong d6: f;(x) 1a cdc ham cd s& (c6 thé 1a tuyén

tinh hay phi tuy&n, vi du nhu :sinx, cosx, e*, a®,x", Inx,..), ta di tim
cic hé s6 ¢;, i =1,n . Tinh phin du:

-

. j=n :
r=yi—f (x;)=y,-— ch.fj(x,-):w:y—-Ac
=1 |

. 2
min p=Irl3) <

Qua b m toa dd (xl,yl),(xz,yz),...,(xm,ym), té ki hiéu:

[ | [ ] [ fl(xl)  f(xm)  fala) ]

B I s : :
Y7yt “lent l(xm 1) fa(xma) fn(xm-l)_
| Ym ] | Cn f]( ) fZ( ) fn(xm) i

ta c6: p='”rU§=(y—Ac)T(y Ac)=y Ty ZyTAc+cTATAc

P& tinh t6i vu ta tinh:

=1
%8-—2Ary+2ATAc-0:>(ATA)C—AT_V: =(ATA) ATy
C

Thi du 4.10 Bing dudi dy: :
. ] 01 | 04 | 05 | 06 | 07 | 09

y 0.61 092 | 0.99 1.52 1.67 | 2.03

Hay x4p xi ndi suy theo ham f(x)= 9. cy x
.-
Giai
. | | 1
ta c6: f(x)= 1+02x—clf1( )+erfa(x)s filx)="sfa(x)=

Viy 4p ham vao cic toa d ta cé:

[0.61 ] [ 10 0.1]
1092 ) 25 04

0.99 ¢y .2 05
y = ’ c=\| . s A =

1.52 cy 1.6667 0.6 |

1.67 1.4286 0.7

2.03 ] ‘ | 1.1111 0.9 |
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-1 .
ding cong thiic ¢=(AT4) ATy dé time, ta c6;

0.0365
f(x)=28

Thi du 4# Bang dudi diy 1a thi du 4.8 di lam:
x _|. 056 | .0,84 1,14 2,44 |- 3,16

+22177 x

y -0,80 | -0,97 | -0,98 1,07 3,66
Hay lap cong thitc thuc nghiém cé dang y = a + bx +cx™.
_ Gidi |
Hay x4p xi ndi suy theo ham f(x) =cp+cy X +c3x2
Gidi

tacé: f(x)=e+ey xtezx? =c fi(x)+erfo(x)+e3f5(x),

trong d6: fi(x)=1, f/(x)=x, f3(x)= x
Viy 4p hz‘lm vao cic toa dd ta cé:

[0.56 | 1 0.56 0.3136]
0.84 c; 1 0.84 0.7056
y=|114],c=|c, |, A=|1 1.14 1.2996 |,
244 . | 1 244 5.9536
| 3.16 | |1-3.16 9.9856

-1
ding cong thifc c=(ATA) 4Ty dé tim ¢, tinh:
5 8.14 18.258
(ATA) —|8.14 18.258 48.331144
18.258 48.331144  137.4427368
4.303553879 -5.86158867 1.489514864

(ATA)— =|-5.86158867 8.775725909 -2.307288068
1489514864 -2:307288068 0.620755316

1 a| [a] [0.011647528 7 [0
c=(aT4) ATy=|c; |=|b|=|-2010734838 |~| -2,
es| |e] [1.001705769 | |1

ta tim lai k&t qla clia thi du 4.8: y = x* - 2x. |

Thi du 4.12 Cho bang ndi suy dudi diy : Xem cong thirc (4.33).
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2 A 0 2 3 4
-0.4 -3.2 -1.2 7 6 1
Hay x4p xi néi suy theo ham f(x)=¢j +¢; cosx+cysinx

Gidai

taco: f(x)=¢1+e cosx + eysinx =g fi{x)+ czfz(x)+c5f3 (x),

==> fi(x)=1, f(x)=cosx, f3(x)=sinx | |

Viy dp ham vao céc toa do ta co: :
' [ -0.416146837 -0.909297427 |

[-0.4] 1
3.2 1 0.540302306 -0.841470985
[

a2 |t 1 1 0 .

y= s €=1€2 s A = i
7 1 -0.416146837 0.909297427
6 ] |1 -0.989992497 0.141120008
1 1 0.653643621 -0.756802495

_ -1 B _
dung c¢éng thic ¢ = (ATA) ATy dé tim c, tinh:

(474

c=(4"4)

= f(x)= 2.019841168-3.273595071 x cosx +4.105204183 X sin x

6

-1

-0.935627485 -1.457153472
-0.935627485 3.045618087 -0.099677339
_1.457153472 -0.099677339 2.954381913
_, [0201510295 0.065229687 0.101589218
(ATA) —10.065229687 0.349818644 0.043974902
0.101589218 0.043974902 0.390069536

€

€3

2.019841168
-3.273595071
4.105204183

Ta ¢6 thé tim lai két qlia nay bang hé (4.33) qua excel

Thi du 4.13: Cho bdng xap xi sau:

X

1

-2

Y

2

1
1 1

z

-1

2 1

Hay 14p cong thic thyc nghiém cédang z=a+ bx +cy.

. Giai
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-1

_ 1 1 2 a
Tim X: AX=B, trong d6 A=|1 -2 1|va z=B=|2 |, X= b
1 1 1 ' 1 cr
| |
Ta tim X dudi dang: X=(ATA)'ATB=| b |= -%
cl | 2
' Thi du 4.14: Cho bang xdp xi sau:
' X 2 1 3
y -1 1 1
vA 0 3 5

Hay 1ap cong thifc thuc nghiém cé dang z = a + bx +cy.

Gidi
a=0 | |a 1 2 -1
X=(X"X)'X" Y=|b=x=1|=|b| Trongds X=[1 1 1 |vaY=|3
c=y=2| |c 1 3.1 5
Thuc chdt & dai s3 tuyén tinh ta da 1am chi v6i 2 biéh nhu sau:
| 2 -1 o
Tim X: AX=Y, trong d6 A={ 1 1|vaY=|3|, X = x}
3 1 5 Y ,
2 !
X=(A"TA)'AT Y== [ 21 3]1 1] 21 3} ,
: 11 1 111
3 1 RE
2132'_1T1 14 27" ;_;;1_51'
trong dé 1 1)) = = .
B F | I P A
/ 19 19
3
. 38 19| 2 13 | I D
vay .X= 1 7 l:—l ] 1} 3 ;L}..\h ddy 1a xap xi tuyén tinh qua
19 19

goc toa do (dd biét truéc d6) chinh xdc nén a=0, chi cin 2 chiéu, khong
cin 3 chiéu mdt cich tong quit nhu vi du trén da lam.
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§6. PHUONG PHAP XAP Xi B-SPLINE
e Nhifng dudng cong todn hoc xap xi bd n di€m cho trude (§ cdc muc

trudc) chi phuc vu c6 tinh chét 1y thuyét cho todn hoc ma thoéi. Vi du
xem lai Hinh 4.1 ddu tién, ta thdy dudng cong can tim 13 dudng dim
y = f(x) tron tru va dep ding ¥ ta mong dgi, nhung khi xap xi ta lai

nhan dude dudng cong y= P,{x)udn éo, dich dac, phiic tap khong

cAn thiét. VA ¢6 nhitng dudng cong trong thuc t& nhu: cdc dudng cong
tuy€t my trong thin thé con ngudi ma tao hoa di ban phdt, cdc dudng
cong hién dai dugc thiét k& trong 6 10, tau thiy, phi thuyén dé chdng
ma sit, thda man cédc diéu kién cao cdp cia thiy-khi dong khi chay
vdi van tdc cao, thi cdc dudng xap xi ¢& dién khong ddp dng dudc. Dé
vugt 1én s phin nay B- splme da ra doi.
Spline c6 nghid 1a "ludi ga" c6 dd cong thodi mdi, B c6 thé chit ddu
cia Bezier, 6ng 12 mot ky su todn lam vi€c tai cong ty xe hoi Renault
(Phép), nhitng ndm 1960 6ng da trinh lang, mot cong thic todn hoc (st
dung cdc dudng cong tham s6 bic ba d€ xap xi cdc doan giy Khic
trong khéng gian), di cung cap cho ngudi thiét k& cdc chi ti€t. mdy
mot cong cu mém déo hon cdc phuong phap ndi suy cd dién. .
Nhung dé hiéu chinh mét chi tiét nhd (m6t di€m chang han), thi trong
toan bo hé théng xdp xi cua Bezier phdi thay dG6i theo, ma trong thuc
(& thi khong cAn nhu thé. Va B-spline dugc th€ gidi cai ti€n tif Bezier
dé khac phuc nhudc diém trén. Nghid 1a: cin thay d6i mét cyc b, mot
chi ti€t ndo dé thi toan bd hé thdng (ng0a1 chi ti€t d6 ra) khong bi anh
hudng theo.
Cé thé cdng thic cha B-spline thi qud binh thu’dng ddi vdi todn hoc,
nhung sic manh Ung dung cta né di lan téa mét cdch ngoan muc va
tuyét diéu. Vi cdc hé théng dd hoa hién nay, dac biét Ia cdc ho CAD,
CAM, db hoa WINDOWS,....déu ding hai phuong phép xap xi Bezier
va B-spline.

6.1 Pudng cong tham sd bic ba

=3
Pudng cong tham s8 bic 3(khong gian): P (£)= Y a;', 0<2<1(6.1)

i=2
Du’dng cong tham s& bac 2(mat phang): P (f)= . a; 2, 0< <r<1(6.1)
i=0
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y(OF-----

H2

Du’dng cong P(t) & H1 biéu dién 3 chiéu, & H2 biéu dién 2 chleu
3 2 chiéu ta ding dudng cong tham s8 bic 2.
6] phan nay ta xay dyng cho him bic 3, con ham bic 2 cho mat
phang, ta xy dung trong tu. _
Khai tri€n (6.1) ta c6 dang sau: P (¢)= a3t3+aztz+alt +ag, 0<r<1

chi€u xuéng céc truc (3 chiéu ) ta ¢6:

3 2
x(t) az,l +aZ.rt +alxt +aﬂx’

Y

3
y(t)=asz,t +a2yt +ay b +ap,, 0<t<1 = (6.2)

2(1) = ay 13 +ay P +ay t +ay,,

P& gidi (6.2) ta cin xdc dinh 12 he s& aj,

Tuong ty cho 2 chiéu, ta ¢6 6 hé s6 a; ta cin xdc dinh .

6.2 Dudng cong tham s6 béac ba B-spline déu.

DPudng cong tham s& bac ba B-spline déu, dudgc dinh nghia:

B(1)=Nos(1)Vi+N13(0)Vier N2 3 (¢)Virg #N3 3 (1) Vs, 0<2<1
(6.3)

hay vi€t dudi dang khic cho thuin tién & dang ma trdn sau nay:

B(1)= N33 (0)ViatN2,3 (()VitN1 3 (6)Vier #Np 3 (1) Vi, 05251
(6.3)
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cic ham N3 (2)e €2[0,1],i=0,3 (hame C*[0,1], c6 dao ham bic k
lién tuc trén [0,-1] ) goi 12 him cd s8, xem H2, cdc ham dugc dat vao dd th
© ¢6 vitr & giita 1a #;,5, va ching bang 0 khi t <t; vit> t;,4.Conla
~ trong 4 doan khdc O ctia ham dugc tao tir bon da thifc bic 3. Va bo 4
(VisViersVisa-Vins ) 12 4 vecto biéu dién, 4 diem diéu khién ciia B-spline

D& xdc dinh him cd s8, trude tién ching ta lam ting phin doan bang d:
thic bic 3 tdng qudt c6 dang nhy sau:

Nj’3(f) = tllit,3+bitz+_lcit +d;',

(6.4) v,

j=0,1,2,3, 0<¢<1 ’,’.‘ i+1  H3
Ta phdi x4c dinh 16 hé s0 nay - ,"' v /'.
dudc xdc dinh tir 16 phuong A /\ | O
trinh sau: /! ‘ B
Sau phuong trinh dau tién . £ C
6 dudc, nhd 6 diéu kién : v, A4 |

v/ Il o

No,3(0)=Np3(0)=Np3(0)=0 ,

' / I i+2
N33(1)=N33(1)=N3,5(1)=0

Tinh Lién tuc thuge 1dp €°,C1,C2,tai 3 niit A, B, C (3 H3) bén trong ci

ham cd s&, sé cung cdp them 9 phudng trinh nifa.-cac phlrdng trinh ndy th
dudc bang cich tham sd hda cuc bd & cdc phin doan tir t=0 dén t=1. Nh
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vily ta c6 6+9 =15 phu'dng trinh va phuong trinh cudi ciing 4p dung diéu
kién "chuin héa" nhy sau: N03( )+N1 3( )-+N23( )+N3 3(r)=1
'Vay gidi 16 phuong trinh nay, ta c¢6 dugc 4 phan doan da thic tao nén

hiam cd sG caa B- splme

r : 1

N0,3 (‘)=g‘3

N‘13(z')=—(-3: +3t +3:+1 -

3 0 <t Sl (6.5)
N, 3(t)-~-—(3t3 6t +4) S

| Nss(t)=-'-16( IR 3t+1)

Bon ham niy c6 dd thi biéu dién ¢ H1, ta thdy céc gid tii ddu cudi, va cdc

gid tri thude cdc 1dp CO,CI,C - & dAu cudi déu thda man nhu vi du:
Dl_fa vao (65) a thi ial N0,3 (t)+Nl,3 (t)+N2,3 (f)'f' N3’3 (f) =1, Vit
nhu: OA+OB+0A+0OB=1, EC+ ED+EC+ED=1.
Vi cédc goc tiép tuyén ¢ hinh H1, va H2 nhu sau:

1
Nj3(1)=Np3(xq)=N5(0)=N{3(x,4)= 5
Ni3(1)=Nis(xg)= N23(0)=N;/’_,3(x3) 0

N£,3 (1)= N£,3(x(;)=N3,3 (0)=N§,3(x(;)= —3— ......

N&u ta v& 4 haim nay trii ra thanh 4 phan doan thi ta dugc nhu H2.

P& tao ra dudng cong B-spline bic 3 déu, 4 dinh di€u khién, duge nhan
ciing l4c vdi cic ham cd sd  (6.5). Mdi phidn doan c6 chung 4 dinh lién
ti&€p diéu khién vdi phan doan k€& tiép nhu’ sau.

Vos V15 |V2s (V35| Vat Vs

Voo V1> Vas V35 V1 Vys, Vi, ViV Vi Vg Vs
D&i v6i B-spline bic 2 déu, ta diing bd 3 diém diéu khién nhu thi du sau:

Thi du 4.11 Xét bai todn phang B-spline bic 2 déu nhu sau:
Xem hinh H4, ta ¢6 b0 6 diém (V;,V3,V3,V4,Vs:Vs) g0i 12 b6 di€m dicu

khién di c6 toa dd xdc dinh, vi dudng cong xdp xi nhu hinh v& khoéng di
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qua 6 diém dé nhu phuong phdp Lagrange hay Newton, ma dng v6i mbi
bo ba diém lién tuc, B-spline s& xap xi theo mdt da thifc bic 3,

Va

Vi du: bd 3 diém (V},¥3,V3) ta c6 cung dudng cong AB, b6 3 diém
(VZ,V3,V4) ta cé cung dudng cong BC, bd 3 diém (V3,V4,V5) ta co
'cung dudng cong CD bd 3 diém (V4,V5,V6) ta c6 cung dudng cong DC.

Cudi clng ta cé dlIUIlg cong B-spline 1a ABCDE . HE dutng thang giy
khiic chinh la hinh bao cia B-spline 12 ABCDE .

Vdi B-spline déu ta c6 tinh chdt (dya vao H4):
1) Ala trung diémn cta doan thang ¥y,V; ,

B 12 trung diém cia doan thang V,,¥3, C 1a trung diém cda doan

thang V3,V , ..., E 1a trung diém ciia doan thang V5,V .

2) Vay khita diéu chinh dinh ¥ chang han, thi chi c6 cung dudng cong
CD thay d8i. Céc cung khac vin khong déi.

' 6.3 Dang ma trin cua dudng B-spline

. Trong khong gian:
Tir (6.3), (6.5) ta viét 1a1 dudi dang ma tran :
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N3 3.N; 3JV13’ 0,3

-y

: | -1 3 -3 1] V,-_'1
S iy 3 -6 3 ol V: | _
g(z):l[ti'" 2 1] S NG R P73
DR -3 0 3 0 Vi o

v6i bd 4 di€m didu khié’n ( ,_I,V V. +1,V,+2)
* Trong mat phang: .

Lam tuwong ty cho mat phang 2 chidu, diung B- splme béc 2, 1am lai tir ddu,
ta co:

o v -2 143V
P,-(t)'z_[fz (1)2 2 of v | osisi
| 11 0V

vdibd 3 dlem diéu khién ( 1:Vi:Vis ) _
Thi du4.12 Cho bang cic gi4 tri: Ding B-spline bic 2 (mat phang)

piém | M Vs Vi V4 Vs Ve
X -5 -3 -1 2 5 8
y 1 3 0 5 -1 2
Hiy tim c6ng thic biéu dién toa do tifng doan. VE chung
Giai:

‘Piy 1a bai todn c6 dd thi nhu hinh H4 & trén. Ma trdn toa do:
1 =2 1V

(=52 ¢ 1|2 2 off v | 0sest
L1 0|V

ta xét trén titng bd 3 dinh (V;_1,Vi,Vi4)

e BO (VI,VZ,V:;) , chigu xudng truc X, y thi (*) trd thanh:

| 1 2 1)[-5
*p) =5 ! 1] ;2 i g -i =214
o 12 11
J’Pz(:)=5[f2 4 1] —12 i g 3 =—-§‘t2+2t+2
L dL

.2 < < - n I ——
Dlem(xPz(r)’sz(t))’ 0<7<1, vénén doan cong AB
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» B¢ (V3,V3.V4), chi€u xudng truc x, y thi (*) trd thanh:

1 -2 1][-3
ORI IR i
i, F1 ) 173 s
yPJ(:)=E[~’ t l] -2 2 0 »0 = 4¢ —3r+5
1 0] 5

'A.’ < < - n —
B1em(xP3(t),y%(t)), 0<¢<1,vénéndoan cong BC

‘o BG (V3,Vy,Vs), chi€u xudng truc x, y thi (*).trd thanh:

(1 -2 1][-1]
Pa(r)zé["z J 1] —12 f 3 2 =3t+% :

S 1T |
yﬁ(t)zé[tz d 1} flz 2 g 51 =—-1?1t2+5t+§

ié <t < & né CD
E)lem(xp4(t),yp4(t)), 0<t<1,vénéndoan congCD

e Bo (V4',V5,V6), chi€u xuéng truc x, y thi (*) trd thanh:

(1 -2 1][2 ;

12 _ —3r4 ]

xps(t)——z[t 1|2 2 0f5i=3+2
_ 1 1 ofs

. (1 -2 1][0 o
_ 1,2 . — 242 _
e 1]|-2 2 o 5 =2 -6r+2

‘ 1 1 o1

.’? < < - N p—
Dlem(xps(t),yps(t)), 0<z<1,vé .nen doan cong DE

Thi du4.13 Cho bang cic gid tri: Dung B-spline bic 2, véir >0.
biém| M- | V2 | V3 | Vo

X T -r -T r

y r r “r -
a)  Tinh sai s xudt hién tai t=0.5 trén phin doan thit nhit.

b)  Vdir=2, hiy tim cdng thitc bi€u dién toa do tirng doan, khép kin.
¢) V& db thi ching.
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Gidi:

a) Nghia cua bai todn la ta xap xi dudng tron tdm (0,0) bdn kinh 2 bang
B-spline bac 2 déu.

Pudng cong B-spline déu, rat thuin tién biéu dién céc du’dng cong khép
Vs :

kin nhu vi du nay
Phan doan I :B6 3 dinh (¥1,V3,V3)

Phan doan 11 :B6 3 dinh (¥3,V3,V4)
Phan doan 111 :Bo 3 dinh (V3,V4,V;)
Phan doan IV :B6 3 dinh (Vy,¥7,V2)
trudng hop r=2 ta c6 dd thi nhu hinh ve.

A 4

1 -2 1 r r
[12 t 1] 2 2 o|l-r r =[t2r—2rt -12r+r]
1 1 0ll-r -r | |

PI(‘)=%

2 e e . s L 1
P& tinh sai s6 ta tinh tai diém giita, nghid la cho = >

| 2 2
1 3 3/ .
Pl - |= —ér :—3-)- vay bédn kinh Ia -—ér +| —r =——%-r>r
2 4 4 4 ) \4 4

Viy dudng cong B-spline khong phdi dudng tron, ma chi 1a x&p xi dudng
tron theo nghii B-spline.
3 hinh vé thé hién nét dam 1a B-spline, nét 1¢t 12 vong trdn bdn kinh r.

b) P& tim cong thifc biéu dién toa dj ting phén doan. Ta c¢6 ma trdn toa
do: -
1 2 1|[Vig
P(6)=-|7 1 -2 2 of v | osest *)
| 11 0){Vin |
ta xét trén timg bd 3 dinh (V;_1,VpVie1)
e BO (Vl,Vz,Vg,) . chi€u xudng truc x, y thi (*) trd thanh:
’ 1 -2 1][2 '
=%[:2 -2 2 o 2l=2t-a
1 1 0f-2

XPy(2)
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. 1 =2 1) 2
— .2 _ — 942
r =57 ¢ 12 2 0 2 ]=-2r42
11 0f-2

Pié <t<1,véEné AB
D'em(xPz(t)’sz(t))’ O_t_l,venendoancpngAB

Cdc phin doan khdc sinh vién tif 1am.

Thidu4.14  Cho bang cdc gid tri: Ding B-spline bic 2 (mat phing)

biém| W | W | V3 | Wy Vs | Ve V7
X -1 -4 5 6 4 3
y | -1 2 | -1 2 4 3 6
Hay tim cong thifc biéu dién toa do timg doan. V& chiing.
: Gidi:

Sinh vién ty lam, B-spline bdc 2 ¢6 dd thi udn éo nhu thi¥ tw ta mudn:

Vl—)Vz“—)V3—>V4-}V5—)V6—}V-]

T -.N Dj ¥
-1

Thi du4.15 LiYy lai vidu 4.12". Hiy so sdnh cdc da thic (do thi) noi suy |

theo: Lagrange, B-spline, véi cdc nit ndi suy 1a -

-

biém| V1 | V2 | V3 | Vg | Vs

X 1 2 3 | 4 5

y 1 | 2 3 2 1
Gidi

Sinh vién ty 1am. Xem cdc.dd thi nhu sau:

HI: 1a ndi suy Lagrange

H2: 1a ndi suy B-spline

H3: 1a ndi suy B-spline vai thay dsi dxem V33, 3)--> V3 (7 3)

H4: 1a nd1 suy Lagrange véi thay d_01 diém V3(3,3)-->V; (7,3)
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34 V.
Vs 3
25
2-
H1 H2
1.5
T T T T T 1 \ 14 T =
1 2 3 4 6 g | 2 4 5 v
31 3
H4 Vs .
21
H3
14 =

3 3 4 5 6 7

Nhin xét:

1) HI: khong cin thi€t phéi ¢6 ndi suy 2 nhdnh tréi va phai.

2) H2: noi suy theo ding y d6 cda ta (xem H3).

3) Chi cdn thay ddi 1 di€m diéu khién ¥3(3,3)->¥3(7.3), c4c diém khac
giif nguyén thi dd thi udn ding theo y d cta ta. |

4) Trong khi d6 néu ndi suy theo Lagrange (H4) thi-dd thi s& khong theo
thit ty'nhyt § db ¢da ta 13: bat bude db thi phdi qua V3(7.3) truéc khi
quaVy . ' '

BAI TAP

1. Ding so d5 Hoocner, tinh gid tri cda _
Ps(x)= —xs. + 2x4‘— x3 +3x2—4x+1 ,tai x =-1,5.
2. Xay dung da thic ndi suy Lagrange ciia ham s8 y = f(x) cho dudi
- dang bdngsau: | _ '
X 0 2 3 5
y 1 3 2 3

3. Cho bang giﬁ tri cia hAm sy = f(x):
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10.

Cho bang cic gid tri:

X 321,0 3228 3242 3250
y 12,50651 2,50893 2,51081 2,51188
Tinh gan ding £(323,5) bang da thic néi suy Lagrange.

Hiy ddnh gis sai s& nhin duge khi x4p xi ham s6 y = sinx bang da
thic ndi suy Lagrange bic 5: Ls(x ), bi€t rang da thic ndy tring

véi ham s6 di cho tai cic gla tri x bang 0°, 5°, 10°, 15U 20" va 25U
Xdc dinh gid tri ciia sai s8 khi x = 12°30".

Cho bédng gid tri cia hdm s8 y = f(x):

X -1 0 3 6 7
y 3 -6 39 822 1611

a) Xdy dung da thitc ndi suy Newton ti&n xudt phdt tr nit xo = -1

clia ham s8 y = f(x).

‘b) Dung da thic ndi suy nhé_‘m dugc, tinh gé‘in ding f(-.0,25).'

Cho béng gid tri clia him s6 y = sinx:

X 0,1 0,2 0,3 0,4

y [10,09983 0,19867 0,29552 (,38942

a) Xay dung da thic ndi suy Newton ti€n xuat phét tir nat
Xo=0,1"tinh gan ddng sin(0,14) va ddnh gid sai s6 clia gi trj
gﬁ,n ding nhén duge.

b) Xﬁy dung da thdc ndi suy Newton 1di xuflt phdt tit nit x; = 0,4

tinh gan ding sin(0, 46) va ddnh gid sai s6 clia gid tri gan ding nhin

dugc.

X 2 4 6 8 10 12
y |7,32 8,24 920 10,19 11,01 12,05
Hay tim céng thitc thuc righi€ém c6 dang y=a+ bx
Cho bédng cdc gid tri:

X 0,78 1,56 234 3,12 3381

y 2,50 1,20 1,12 225 4,28
Hay tim cong thifc thuc nghiém c6 dang y = a + bx + cx”.
Cho bédng cdc gid tri: .

X 10 20 30 40 50 60 70 80 .
"y 1,06 1,33 ‘1,52 1,68 1,81 1,91 2,01 211
Hiy tim cong thic thuc nghiém cé dangy = ax”.

Cho bang céc gia tri:

X 1 2 3 4 5
Yy 0,1 3 8,1 14,9 23,9
a) Hay tim cong thic thuc nghi€ém cé dangy = ax’+ b,




11.

12.

13.

14.

hadi e
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b) Hay tim céng thiic thyc nghiém ¢6 dang f(x)= -CJ—:-+c2 X.
Cho bang cic gid tri: Dung B-spline béc 2,

x |-1 -4 5 6 4 1

‘ y |-t 2 -1 2 4 3
Hay tim cong thic biéu dién toa d§ titng doan. VE ching.
Cho bang céc gid tri: _ Dung B-spline bac 2,

X |-5 -1 2 3 7 8

y |3 3 2 0 0 3

Hay tim cdng thic biéu dién toa do timg doan. V& ching.
Cho bang cdc gid tri: Dong B-spline bic 2.

x |7 3 7 2 5 10 3 -3

3 3 |
0 -2 |

0 -4
vyl 1 2 5 6 9 9 11 8 6 4

Hay tim cong thic bi€u di&n toa dd timg doan. V& ching.

Cho bang cic gid tri: _ Dung B-spline béc 2.
x |-1 -4 S5 6 4 13 -2 |

b. sin(0,46) =~ 0,4439446

y|1 2 -1 2 4 36 5 i
Hiy tim cong thirc bi€u di&n toa d titng doan. V& ching.
Pdp 56 -
34,84375 |
1+6—2-x+ix3 —léx2
15 10 6
2,50987

CHI O (e O )

sinx — Ls(x)l < o

Khi x =12°30° thi: ’sin 12930 - L(12°30") < 2,2.107

a. x*-3x3+5x%-6
b. . -5,6367188
a. sin(0,14) = 0,1395434

sin(0,14) — 0,1395434| <4,2.10~°

—
[sin(0,46) — 0,4439446/ < 3,8.10™
y = 6,3733333+0,4707143x
y = 5,045 — 4,043x + 1,009x*
y = 0,4945%"!

y = 0,992 x* 0,909




148 Chuong 4: Pa thifc ndi suy va phwong phép binh phudng bé nhat

1.
12.

C6 db thi HI.

~

C6 dd thi H2.

13.  C6 db thi H4.

C6 db thi H3.

13.






