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CHUONG1 HAM NHIEU BIEN
1.1 Ham nhiéu bién

1.1.1 Cac dinh nghia
Dinh nghia Error! No text of specified style in document..1 Mot qui luat f dit twong tng mdi
cdp sb thuc (z,y) € Dx D,D C R véi mot va chi mot phan tir z € R thitanéi f 1a ham hai bién
sotrén Dx D .Kyhiéu f: DxD — R hay z = f(z,y).

D6i v6i ham ba bién thi ta c6 dinh nghia twong tur, khi d6 ta co: u = f(z,, z). Chang han

u:\/l—x2 —y =2 u=x+y —2 ..

Dinh nghia Error! No text of specified style in document..2 Tap hop cac cdp (z,y) ma (ng voi
ching c6 thé xac dinh duoc gia tri cua z duoc goi la mién xac dinh cta ham hai bién 2z = flz,y),
ky hiéu la D(f).

Vi du Error! No text of specified style in document..1

1
ll_xz_yz

trong vong tron tam 1 gdc toa do va ban kinh bang 2.

1) Mién x4c dinh ctia ham z = 1a 2° +1° < 4.Vay D(f) gdm cac diém nam

2) Mién xac dinh ctia ham z = sin(z + y) 1a R”.

1.1.2 Giéi han ciia ham hai bién
Pinh nghia Error! No text of specified style in document..3 S6 L dugc goi 1a giéi han ciia ham
z = f(z,y) khi diem M(z,y) tién dén diem M (z,,y,) néu véimoi € > 0 bé tuy ¥ cho trude co
thé tim dugc 6 > 0 sao cho khi 0 < MM <6 thi ‘f(x, Y) —A‘ < e.Ky hi¢u
Jim, flz,y)=A

Hay
lim f(z,y) = A.

.’I?*XTO
Y=Y,



Gi6i han ctia ham hai bién con c6 thé dinh nghia thong qua gi6i han cta ddy nhu sau:

Pinh nghia Error! No text of specified style in document..4 Cho ham s6 f(M) = f(z,y) xac
dinh trong mién D chira diém M (z,,9,) co thé trir diém M .- Ta noi rang L 13 gi6i han cta
f(z,y) khi diéem M(z,y) dantéidiém M (z,,y,) néu véimoiddy M (z .y )thudc D dan t6i

M, ta déu co lim f(z ,y )= L.Kyhi¢u lim f(m y) = L hay A}l% f(M)=1L.

n—-400 (z,y)—(z To» ?/0

Vi du Error! No text of specified style in document..2 Tinh  lim  f(z,y) voi

(2,y)—(0,0)
f(xv y) = ﬁ
Gidi.
Taco |f(z,y)| = ‘ ‘ ‘y‘ﬁ‘y‘,V(aﬁ,y)I(0,0),d0d(’) v{(z,,9,)} - (0,0) ta ddu co

lim f(z,y,)=0.
()= (00) 7~

21:y - khong ton tai
x—0 T _.I_ y

y—0

Vi du Error! No text of specified style in document..3 Ching minh lim

Gidi.
Cho y = x taco

2

L = lim . l,
2

1—0 g2
y—0 z + z

nhung cho y = 2x thi

2
L—th—g.
=0 % 4 Ap? 5)

y—0

Vay khi (z,y) tién vé (0,0) theo cac huéng khac nhau thi f(z,y) c6 nhiing gi6i han khac nhau.

Do d6 lim — Y khéng tdn tai,
x4y

y—0

1.1.3 Tinh lién tuc ciia ham hai bién.
Dinh nghia Error! No text of specified style in document..5 Gia st M (z,,y,) € D(f). Ham
z = f(z,y) duoc goi 1a ham lién tuc tai diém M, néu
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lim f(z,y) = f(z,,¥,)-

T—,
Y=Y,

Ham s06 lién tuc tai moi diém cuia mot mién nao do goi 1a ham lién tuc trong mién do6. Biém ma tai
do6 ham so khong lién tuc goi la diém gidn doan ctia ham so.
Vi du Error! No text of specified style in document..4

1) Him s6 f(z,y) = 2* + y* lién tuc tai moi diém ctia R’

., (2.y) = (0,0)
2)Ham s6 f(z,y) =1{2° +y* Y ’ gian doan tai (0,0) vi khong ton tai
1

, (z,y) =(0,0)
lim ———.
ety

1.2 Dao ham riéng

1.2.1 DPao ham riéng cap mot
Dinh nghia Error! No text of specified style in document..6 Cho ham z = f(z,y). Néu xem y 14
mot hing sb (tham so) thi f tré thanh ham ctia mot bién sé x. Ta goi dao ham riéng cia z theo
bién x 1a gi¢i han

0z — lim flxz + Az,y) — f(z,y)

Or  Ae=0 Az

o: of
oz’ Ox

Tuong tu ta cling dinh nghia dao ham riéng ctia ham z = f(z,y) theo bién .

Ky hi¢u z;, f;,

Vi du Error! No text of specified style in document..5

I)Choz:xz—i—y.Tacé%:Qx,%:1.
Ox oy

2) Ham sé z = 2". Ta c6 %:yazy'l Vé%:xylnm
Ox oy



1.2.2 Pao ham riéng cip cao
Pinh nghia Error! No text of specified style in document..7 Cho ham s6 z = f (z,y) . Céac dao
ham fT ) fy 1a nhitg dao ham riéng cAp mot. Cac dao ham riéng cua cac dao ham riéng cap mot

got 1a cac dao ham riéng cap hai. Ky hi¢u cac dao ham riéng cap hai nhu sau

)5
o 0L 1 (o)
o) 3wy~ )
3{E-54-st

Pinh li Error! No text of specified style in document..1 Néu trong mét lan cin U nao dé ciia

"

diém M (z,,y,) ham s6 z = f(x,y) c6 cdc dao ham riéng f” . va néu cac dao ham dy lién

zy? Jyx
tuc tai M thi fmy: fw tai M.

2 82

: =e" +aye” = c
" 0zdy

Vi du Error! No text of specified style in document..6 z = e = 5T
yox

1.3 Vi phan

1.3.1 Vi phin toan phan

Pinh nghia Error! No text of specified style in document..8 Néu ham s6 z = f(z,y) c6 cac dao

ham riéng trong lan can diém (z,,9,) va cac dao ham riéng %, % lién tuc tai (z,,7,) thitaco
T oy
0 0
Ax = flm9) = 5, ) = 5 @) + 2 (a9)A -+ ),

trong do

Ar=z—z,Ay=y—vy, p= \/(Ax)2 +(Ay)? <6.
Az = f(x,y) — f(z,y,) dugc goila sO gia toan phan cia z. Ham 0(p) 14 vo cling bé cap cao hon

p khi p — 0. Ta cling néi ham z kha vi tai diém (z,,9,)-
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Dinh nghia Error! No text of specified style in document..9 Khi z = f(z,y) khd vi tai (z,y,) ta
goi phan tuyén tinh

0 0
a_i(m[p yo)Aaj + 8_.2(3707 yo)Ay

1a vi phan toan phan ctia z = f(z,y) tai (z,,y,) vakyhi¢ula dz(z,,y,). Vay:

0 0
dz(xo?yo) :8_£(x07y0)Ax+ a_i(xo?yo)Aya
hay
0 0
df(z,y) = 8—£(x, y)dz + a—i(x, y)dy .

Vi du Error! No text of specified style in document..7 Xét ham z = z* ta co

dz = %dl’ +%dy =yz''dz + 2’ Inzdy.
Ox oy

Pinh nghia Error! No text of specified style in document..10 Vi phan cép hai ctia ham
z = f(z,y) 1a vi phan toan phan ctia df(z, y)tic 1a d(df) va duoc ki higu 1a d*z hay d°f .
Bang cach dwa vao dao ham riéng cép 2, ta duoc cong thirc

o°f o°f o°f

& flwy) = -~ do + 2~ 5y o+ a_yzdyQ .

Ap dung vi phan toan phan dé tinh gan dung

Xétham z = f(z,y) kha vitai (z,y,). Khi ‘Ax‘ va ‘Ay‘ da bé ta c6 cong thire gan ding sau

Az = fle) = S ) = S (@000 + Ly )ay
T oy
hoac
fa,0) = S50 + S (00080 + S a8
x oy

Vi du Error! No text of specified style in document..8 Tinh gan dung gia tri 1,02*"".
Gidi.
Xétham z = 2/, 2 = Ly = 3, Az = 0,02, Ay = 0,01. Khi d6 1,02*"" ~ 140,06 = 1,06.

Dao ham ham hgp



Cho z = f(u,v) voi u = u(z,y), v = v(z,y) thi cac dao ham riéng cta 2z theo z,y dugc tinh

theo cong thurc sau

0z 02@ az@

9z udz  dvor’

tuong tu

0z 8z@ az@

oy dudy vy
Vi du Error! No text of specified style in document..9 Tinh cac dao ham riéng ctia z theo z,y
VOl 2 = 6“2“’2, U= acosx, v=asinz.
Giai.
dz _ 0z du n 0z dv

dr (9_124 dx v dz .
=e" " 2u(—asinz)+e" " 2v(acos x)

— 2aeu2+'02(

vCosT — usin ).

1.4 Cuec tri ciia ham hai bién

1.4.1 Diém cwc dai, diém cuc tiéu
Dinh nghia Error! No text of specified style in document..11 M (z,,y,) dugc goi la diém cuc
dai ciia z = f(z,y) néu tai moi diém M(z,y) trong lan can ciia M, ta déu c6 f(z,,y,) > f(z,y).
Trong truong hop nay ta cling néi la ham z = f(z,y) dat cuc dai tai M (z,,y,).
Néu thay chit “dai” boi chit “tiéu” va bat dang thirc f(z,,y,) > f(z,y) thay boi
f(z,,y,) < f(z,y) thi M (x,,y,) duge goila diém cuyc tiéu ctia z = f(z,y).
Piém cuc dai va cuc tiéu khi chua can phan biét duoc goi chung la diém cuc tri hay gon hon goi
la cuc tri.
Vi du Error! No text of specified style in document..10 Cho ham z = 2 + (y — 1)’ +2. Taco
2(0,1) = 2 va 2(z,y) > 2 = 2(0,1), ¥(z,y).Vay (0,1) la diém cuc tiéu ctia ham z. Gia trj cuc tiéu
thu duoc 13 2. Piém (2,3) ch:fmg phai la diém cuec tri cia ham 2z vi trong lan can ctia n6 cé cac

diém khac ma gia tri tai chiing c6 thé 16n hon, c6 thé nho hon gié tri clia 2 tai (2,3).?



1.4.2 Cach tim diém cuc tri cia ham hai bién
Ta c6 diéu kién can nhu sau

Pinh li Error! No text of specified style in document..2 Néu ham z = f(x,y) dat cuc tri tai

MO(:L"O, yo) thi tai do hodac khong t6n tai hai dao ham riéng hodc cdc dao ham riéng g—f, ? déu
Z Yy
bang 0.
4R . Of of Dy e A 2R o
Cac diém (z,y ) ma a—(xo, y) = a—(mo, y ) = 0 duoc goi la diém ding. Nhur vay dé tim cuc
z )

tri ctia ham hai bién trude hét ta tim cac diém (z,y ) ma tai do khong ton tai hai dao ham riéng
va cac diém dung.
Pinh li Error! No text of specified style in document..3 ( Diéu kién du) Gid siz M (z,,y,) lamot
diém dirng ciia 2z = f(z,y) va tai My ham z c6 cdc dao ham riéng
2 2 2
%(xo,yo) = A, %;y(xo,yo) = B, g—yi(xo,yo) = C. Khi do
i) Néu B> — AC < 0 thi ham dat cuc tri tai M, (dat cuc tieu néu A > 0, dat cuc dai néu
A<0);
i) néu B> — AC > 0 thi ham khéng cé cuwc tri tai My,
iii) néu B> — AC = 0 thi chwa cé két lugn.
Vi du Error! No text of specified style in document..11 Tim cyc tri cia ham s
f(z,y) = 2" +y* —6zy
Gidi.
Taco f = 3z” — 6y, fy = 3y” — 62 V(z,y) hay ham sb luon ton tai hai dao ham riéng. Cac diém
dung 1a nghi¢m cua

2

1
3z° — 6y =0 y=37
= :
2
3y —6z =0 1,
2

Y
Giai hé ta dugc hai diem dimg M (0;0) va M, (2;2).

xétdiém M@0 Tacs 4= £ (0:0)= 6] =0, B= f (0:0) = =6,

0



C=f(000=6y] =0.

]
vy

MU
B> — AC = 36 > 0 nén tai M, khong phai la cyc tri.
Xét diém M,(2;2): Taco A= f(2,2) =62 =12, B=f (2,2)= -6,

M,

C=f(22) =6y

12.

M1 -
B*—AC=-108<0.Ma A=12> 0.Do d6 (2,2) 1a diém cuc tiéu ciia ham sd va gia tri cuc

tiéula f(2,2) = 8 +8 —24 = —8.

1.4.3 Cuec tri c6 diéu Kién
Bai toan cyc tri c¢6 diéu kién 13 bai toan tim cyc tri ciia ham z = f(=,y) vdi rang budc
@(z,y) = 0. Diéu nay khac vdi tim cuyc tri tu do cia ham z = f(z,y) trén toan tap xac dinh thoa
diéu kién ¢(z,y) = 0.
Tir didu kién o(x,y) = 0 néu suy ra duoc y = y(x) thi ham z = f(z,y) = f(z,y(z)) 14 ham sd
mot bién. Ta tim cyc tri ham mot bién. Trong trudng hop viée rit y = y(z) phtrc tap ta st dung
phuong phap nhan tir sé Lagrange theo cac budc sau:
Buéc 1. Lap ham Lagrange: L(x,y,\) = f(z,y) + A\p(x,y) v6i A goi 1a nhan tir s Lagrange.

Buéc 2. Tim diém ding ciia ham L, tic 1a giai hé phuong trinh:

L’z(x, y,A) =0
L (,9,2) =0
L (z,y,A) =0

Bude 3. Xétdau d°L = L da® + 2L, dedy + L, dy* tai ting diém dimg (z,,y,,, ).
- Néu dQL(a:O,yO,)\O) <0thiz = f(z,y,).
-Neu d°L(z,,y,,A\,) > 0 thi z_ = f(z,,y,).
- Néu d’L(z,,y,,,) khong xac dinh dau thi (z,,9,) khong la diém cuec tri.
Pé khao sat diu d°L (:130, yo) d6i khi ta can st dung diéu kién:
gp(m,y) =0= dgo(:zz,y) =0
hay

@, (:L’,y)d:c +, (:c,y)dy —0.
9



Tai (:co,yo) ta duoc
gp; (mo,y[))dx + go;/ (mo,yo)dy = 0.
Tur day, ta c6 dz theo dy hoac ngugc lai. Thay vao biéu thirc cua d°L (mo, yo) , ta duoc mot ham

theo dz” hodc dy’. Chi y rang trong bai toan cuc tri ¢6 diéu kién, dz va dy khong dong thoi

bang 0.

Vi du Error! No text of specified style in document..12 Tim cuyc tri cia ham z = xy v6i
T+y=2.

Gidi.

Ta tim cyc tri cia ham z = zy vdirang budc p(z,y) =z +y—2=0.

Budc 1. L(z,y,\) = zy + Mz +y —2)

~
|

=y+A=0 z=1
Buoc2. Gigih¢ {L =2+A=0 ={y=1 = Lcodiemdingla (;;1;—1)
=r4+y—2=0 A=-—1

A

Buoc3. L =0,L =1L =0= d'L=2dzdy.
Vizd+y=2=dr+dy=0= dox=—dy.Dodd d’L = —2dz’> < 0. Vay tai (1;1) ham s6 dat

cucdai z = f(1;1) =1.

1.4.4 Gia tri 16m nhit va bé nhit ciia ham hai bién
Céc budc tim gia tri 16n nhit va bé nhat ctia ham z = f(z,y) trong mién dong:
Buée 1. Tim cac diém dirng nam trong mién nay va tinh gia tri ciia ham tai cac diém dimg.
Buwdc 2. Tim cac cuc tri voi rang bude 1a phuong trinh dudong bién.
Budc 3. Chon gia tri 16n nhét va bé nhét trong tat ca cac gia tri da tim duoc.
Vi du Error! No text of specified style in document..13 Tim gia tri 16n nhat va nhé nhat cia ham
z =2’ + 4 trong hinh tron C : (z —1)* + (y —1)* < 2.
Gidi.
Ham z = 2° 4 4 c6 mot diém dimg (0;0)nam trén C' va tai (0;0) ham z c6 gié tri bé nhét

min

Tt rang budc
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p(r,y) = (-1 +(y—-1)"-2=0
st 4y =20+2

4y :2<J:—i—y)§2\/51/<x2 +y2).
,/(xz—l—yQ) §2x/§<:>x2—|—y2 <8.

Vay gia tri 10n nhét clia z trong hinh tron C' 1a 8 khi x = y = 2. Tém lai z = 2(22)=8va

Ta co

Suy ra

z = 2(0,0)=0.
Vi du Error! No text of specified style in document..14 Tim gia tri 16n nhét va bé nhat ctia ham s6
f (a:, y) = 1 4 22y + 3y° trong mot mién dong D 13 hinh tam giac c6 cac dinh A(-1; 1), B2; 1),
C-1;-2).
Gidi.
Ta c6 hé phuog trinh

fl/ =2x+2y=20

fl=2z+6y=0
c6 nghi¢m (0;0) € D, £(0, 0} =0.
- Trén canh AB: y = 1,1 < 2 < 2. Thay vao biéu thirc ctia f(z,y) ta duoc g(z) = z° + 2z + 3.

Tam thtrc dat cuc tiéu tai z = —1. Ta c6 g(—=1) = f(—l; 1) =2, f(2 , 1) =11.

g 1
-Tréncanh AC: z = -1, 2 <y <1, f(—l,y) = 3y° — 2y +1 va dat cyc ticu tai y = 3 Ta co

2

i) =5 f( 1) =27(1 —2)=17

1
3
-Trén canh BC: z —y =1 do do

y:x—l,f(x,x—l):xQ+2x(z—1)+3(m—1>2,71§x§2

\ . 2
va dat cuc ticu tai x = g

11



f( ’__1 ) ==, f(2’1) =11, f(—l,—Q) = 17. So sanh céc gia tri da tinh ta dugc

1
3

w | o

'f;nin = 0’ 'f;nax = 17

12



BAI TAP CHUONG 1

1.1. Mién xac dinh ctia ham so

2) 7= 1—2° b) 2 — 1+ sin zy
1—$2_y2 '4_$2_y2
—_— 2 .
d) » —In 1 ZL’ e) 4 = 61+s1n:1:y
2—sinzx

1.2. Mién gia tri ciia ham sb
a) z = cos(l —zy) b) w = xysin z
1.3. Tinh cac gidi han

xy —1

b) lim

a) lim
) (z)=(0) g% 4 3y°

(zy)=(00) ¢ +1

2 2 2 2
2
d) lim =0 Y e lim —Y
;:32 T+y (zy)—=(0:0) £* Y
[ CCQy
lim eV h) lim
(z,y)—(131) (29)=(00) g% 4 ¢/

2 2
1.4. Cho ham s6 f(z,y) = Y Y TL=1 bh nehia £(0,0)

xQ +y2

1.5. Tim a dé cac ham so lién tuc

’COSQZ’y —1

a) f(z,y) =1 2% ,(m,y) . (07 O> trén R*
)=o)

'xs oy

0 s = | 7y 700 i o
U )= (0

Y N e

o) f(z,y) = {2(z +y) foa) =11 tai (1,—1)

o )=

1.6. Tinh cac dao ham riéng cAp mot

13

4z +2y

Yy
c) z =
5_x2_y2
ha_ L
8—r—y

)w=2a" +2z+4+y

c) lim (e“zyZ + 1)
(y)—=(21)
Y o3
b & sin(1 / 2z)
(@y)=(e1) 1 /2x

i) lim(z* + ¢*) sin
) lim(z” +y7) p—

y—0

¢é ham s6 lién tuc trén R?



a) z=1" +1ny’ — 3y b)z=¢"" +Ing c)z::BQSimE

Y
d) z = 2° — 327 e)z:lnx(\/xg—l—yg) f)z::z;th§
1.7.Tinh gan ding cac s sau
a) \/9.1,952 +8,1° b) In(0,09° + 0,99%) c) /e +2,03°
1.8. Tinh cac dao ham riéng cip hai
a) z = e siny —z° +2y b)z:x3+y3—i—1n(3:y) C) z=A+T+y
d) z = sin(2z + 3y) e) z =+z" +y f)z:cotg<x—i—y)
1.9. Tinh dao ham cac ham hop
a)Cho z=¢"* z=acost, y=asint. Tinh 9z
b) Cho z = é“cosv, u=xy, v= L Tinh %,%
Y Oz Oy
: ., 0z
¢)Cho z=1Inx —i-\/;, y=sinx.Tinh —
x
1.10. Tim cuc tri cta cic ham sd sau:
a) z=1a"—82"+y* +5 b)z=2"+y" -2z +1 c) z =+2° + 1
d) z=ay+3z—2y e) z=a"—y Nz=4z—y)—2" -y
g)Z:($2 +y2)€_<$2+y2) h)Z:$4+y4—$2—2x'y—y2 1)2221:4 +y4_$2_2y2

1.11. Tim cuc tri c6 diéu kién
a) z=6—4x -3y v6i 2° + ¢y’ =1
b)z=zy véiz+y=1

) 2 ;. e
C) z = cos” T + cos yvorly—x:z

1.12. Tim gi4 tri 16n nhat va nho nhat cla

a) z = xy + = + y trong hinh vudng gidi hanbdi x =L,z =2,y =2,y = 3.
b) z = 2° + 3y> + x — y trong tam gidc gidéi han béi yr = Ly = Lo +y = 1.
¢) z=1—2% —y’ trong hinh tron (z —1)* + (y —1)* < 1.

14



CHUONG 2 TIiCH PHAN HAM NHIEU BIEN

2.1 Tich phan kép

2.1.1 Cac dinh nghia
Pinh nghia Error! No text of specified style in document..12 Cho ham hai bién z = f(z,y) xac

dinh trén mién D C R x R. Tich phan kép trén mién D ctia ham z = f(z,y) duogc ky hiéu 1a

1= [[ f(zy)dedy

va dugc dinh nghia nhu sau:

1) Néu D 1a hinh chitnhit D:a <z <b,c <y < d thi:

[ #@.y)dady = f[f f(a. y)dedy

Nguoi ta chimg minh dugc rang:

nén co thé viét:

[ f(z,y)dzdy = f[ff( y)dx]dy = f[ff( y)dy] dz.

D a c

d b d b
f f(z, y)dx]dy 6 thé duoc viét f dy f flz,y)dx

Dé don gian cach viét ta quy udc f

C

2)Néu D codang a <z < b,y,(z) <y < y,(z) thi:

[ fay)drdy = f

3)Néu D c6 dang r(y) <z <z,(y), c<y<d thi

15



Néu ton tai tich phan kép ctia ham z = f(z,y) trén mién D thitanéi f(z,y) kha tich trén
D. Mién D dugc goi 1a mién 1y tich phan. Ngudi ta chimg minh dugc rang néu z = f(z,y) lién
tuc trén D thi n6 kha tich trén D.

Tich phan kép chi phu thugc D va z = f(z,y), khong phu thudc vao ky hiéu bién sb,
nghia la

ff f(z,y)dzdy = ff f(u,v)dudv.

D

2.1.2 Cac tinh chit cia tich phan kép

1) ffkfa:ydxdy—kfffxydxdy(klahangso)

2) ff xy+fxy d:z:dy—fffxydxdy+fffxydxdy

3) Néu mién lay tich phan D chia thanh hai mién D va D, rdi nhau thi
[[ t@y)dady = [[ f,p)dedy + [[ f(z,y)dedy
D D, D,

4)  Néu tai moi diém thudc mién D ta luén ¢6 f(z,y) > 0 thi f f flz,y)dzdy > 0.

5) Néu tai moi diém thudc mién D ta ludn co f(z, y) > ¢(z,y) thi

[[ #@y)dzdy > [[ oz,y)dzdy

0) Néu m va M 1a céc gia tri bé nhit va 16n nhat ctia ham sé f(,y) trong mién D thi
mS, < f f f(z,y)dzdy < MS,
D

trong d6 Sp 14 dién tich ctia mién D.
7) Néu f(z, y) lién tuc trong mién D thi trong mién d6 tim duoc it nhat mot diém M . (fi, n. ) )

sao cho:

JJ o y)dudy = £(€,n)8,

D
Gié tri ctia ham s6 f(x,y) tai diém M i (é’i, 771-) goi 1a gi4 tri trung binh ctia ham s& f(x,y) trong

mién D.

16



dzdy
(z+y)’

vOl

Vi du Error! No text of specified style in document..15 Tinh [ = f f

D:1<z<21<y<3.

Giai. Ta co:
2
=l

2.1.3 Déi bién trong tich phan kép

2
z+1
l’—|—31

1_1
r+1 z+3

T = In

:ln§
5

1) Cong thirc ddi bién sb tong quat

Xét tich phan [ = ff f(z,y)dzdy . Gia st ton tai cac ham = = z(£,7), y = y(£,1) co cac
D

dao ham riéng lién tyc trén mién D sao cho (&,7) — (z,y) 1a mot song anh tir D dén D.
Dit
Or Oz

_|oe o
A =
oy Oy

o6 o

Néu A = 0 trén D thi ta c6 cong thirc d6i bién s tong quat trong tich phan kép nhu sau:
1= [ fyydedy = [[ f((€n),906m)|[Apedn
D D'
Vi du Error! No text of specified style in document..16 Tinh [ = f f (x + y)dzdy, D la hinh

binh hanh gidi han badi cac duong

r+2y=2x4+2y=43xr—y=0,3x—y = 3.

Gidi. Dat
z+2y=¢§  |v=1({+2n)
ley—n ly—%(i%én)
Ta co:
12
2<E<4,0<n<3,A = g 71 — L1 0. Knids
77

17



Stk

2) Pdi bién trong hé toa dd cue

(E+2n)+ (35 n]dn

bat
T = 1rCosy
y=rsine
Khi dé
@—cosgo @——rsingp @—singp @rcosgo
or " Oy " Or "0 '
Do do:

cosyY —rsing

=r

sinp rcose

Theo cong thirc d6i bién s ta cd cong thire o1 bién trong hé toa dd cuc:

I= ff f(z,y)dzdy = f f(rcosp,rsinp)rdrdyp.
D o
Gia st can tinh tich phan kép I = f f(z,y)dady trong hé toa do cuc trong d6 mién D
D

c6 tinh chat 12 moi tia xuét phat tir gbc cuc O cit bién ctia n6 khong qua hai diém. Ta xét cac
truong hop sau:

Truwong hop 1: Goc cuc O nam ngoai mién D.
Gia st mién D nam giira cac tia o = o va p = §, moi tia xuat phat tir gbc cuc O cét bién cta D

khong qué hai diém va r = 9,(¢), = g,(¥) 1an luot 1a phuong trinh trong hé toa do cuc cua

duong bién. Khi do6

()
ff f(rcos,rsin)rdrde = f dp f f(rcosp,rsin )rdr
D' @ 9,(¢)

Truwong hop 2: Goc cuc O nam trén bién cua mién D.
Gia sir moi tia xudt phat tir géc cuc O cit bién ciia mién D khong qua mot diém ( khong ké diém
0) va phuong trinh cta bién trong hé toa do cuc 1a r = g(p),a < ¢ < 3. Khi do

8 9(¢)
f f(rcosp,rsinp)rdrdy = f dp f f(rcosp,rsin)rdr.
D' ’

0

18



Truong hop 3: Goc cuc O nam trong mién D.
Gia st moi tia xudt phat tir gbc cuc O cit bién cua mién D tai mot diém va phuong trinh cua bién
trong hé toa do cucla r = g(p), 0 < ¢ < 27. Khi do

27 9()

ff f(rcosp,rsinp)rdrdy = f dp f f(rcosp,rsinp)rdr.
bt

0 0

Nhu vay mudn chuyén tich phan kép f f f(z,y)dzdy tir hé toa do Pé - cac sang hé toa do
D

cuc , ta thay x va y trong ham s6 dudi dau tich phan boi rcosp va rsing, con dzdy thay bang
rdrdp. Dong thdi phuong trinh dudng cong gidi han mién lay tich phan D ciing phai d6i sang hé
toa dd cuc bang cach thay z = 7 cos ¢, y = rsin¢. Sau d6 tinh tich phan hoan toan gidng nhu
trong hé toa do Pé - cac.

Vi du Error! No text of specified style in document..17 Tinh

I:ffydxdy, D:2’4+y*=R,z>0y>0.
D
Giai. Dat

T = T COSp
Yy =rsinp

™

KhidéD':OSTSR,O§¢§2

Vay

% SR 3 % 3
dgz):f singp.r— dgozR—fSingodgozR—.
g 31, 3 3

0

% (R
I = [f (rsin)rdr
0 0

R | VR*—2?
Vi du Error! No text of specified style in document..18 Tinh [ = f f In(1+ 2* +y°)dy | dx .
0

0

Giai. Ta co

Do do, dat

19



T = T COSY 0<r<
= .
y=rsing 0<p<Z
Vay
_frln1+7’ )dr = 4[(1+R?)1n(1+32)—32].

:jf 1+7’ Yrdp dr =
0

2.1.4 Ung dung ciia tich phan kép

1) Tinh dién tich hinh phing
Dién tich s(D) ciia hinh phang D dugc cho béi cong thirc

= f dxdy
D

Vi du Error! No text of specified style in document..19 Tinh dién tinh hinh phang gidi han boi

2
Yy’ :b—a:, yzgx (a,b > 0).
a

Gidi. Do hai dudng cong cat nhau tai O(0;0), A(a,b) nén ta co
2z

%
Y ab

:fD dxdy:[ fdy $:€.

L’I
a

2) Tinh thé tich vt thé khong gian
Thé tich ¥ ctia vat thé hinh tru giéi han béi D va d6 thi ham 2z = f(x,y) khong an dugc tinh theo

cong thirc:
V= [[ fz,y)dedy

D

Vi du Error! No text of specified style in document..20 Tinh thé tich ¥ ctia phan hinh tru giéi han

boi mat z° + y* = 2z nam trong mit cAu z° 4+ y° + 2> = 4

Gidi. Do tinh d6i xtmg nén V = 4V', véi:

V= ff\/4 — 2’ —y’dxdy

D
trong d6 D 14 nira hinh tron tdm 1(1;0;0) va ban kinh bang 1, trong mit phang xOy
Pit

20



T = 7 COSY
Yy =rsinp
Khi d6 phuong trinh duong tron da cho 1a » = 2 cos ¢ nén:
D:Oggogg,Ogrchosgo

Vay

8} . 8 1 2
— 2 [a=sin®p)dp =L - = v =231 —14).
o R o (37— 4

2.2 Tich phan duong

2.2.1 Tich phan duwong loai 1
Pinh nghia Error! No text of specified style in document..13 Cung (C') xéac dinh bdi phuong
trinh y = y(z),a < z < b duoc goi la cung tron néu ham y = y(z) c6 dao ham lién tuc trén

[a,b].

|z =x(t
Truong hgp cung (C') cho boi phuong trinh tham so6 ((t)) t, <t <t thi (C) goilacung
y=1y

tron néu hai ham z(¢), y(t) c6 dao ham lién tuc trén [¢,¢,] va [2'()] +[y'(t)] = 0.
DPinh nghia Error! No text of specified style in document..14 Cho duong cong (hay cung) (C)
trong mat phang R* va ham z = f(z,y) xac dinh trén (C). Tich phan dudng loai 1 cia f doc

theo cung (C') ky hi¢u la

| fa.y)ds

(@)
va dugc xac dinh nhu sau:

Néu cung tron (C') cho boi phuong trinh y = y(z),a < < b thi

| f,yyds = fff(sc y(@))\1+]y'(@)] de
(©)

a

21



. |z =
Neéu cung tron (C') cho bdi phuong trinh tham so [ B

[ ta.wis = [ £(ao.u0)la'0f s

(@)

Vi du Error! No text of specified style in document..21 Tinh I = f (x —y)ds voi (C) la doan

(@)
thang ndi hai diém A(0;0) va B(4;3).
. . . 3 .
Giai. Ta c6 (C') c6 phuong trinh y = —x. Suyra y' = " nén
4 4
]:f($—§$) 1—|—gd:1::i xdm:é
0 4 16 16 2

Vi du Error! No text of specified style in document..22 Tinh [ = f (2* —9*)ds, (C) 1a phan

(@)

duong tron z° +y° = R? trong goc phan tu thir nhat.

. r = Rcost T
Giai. Phuong trinh tham s6 cua cung (C) 1a _ 0<t<—.
y = Rsint 2
Suy ra
z'(t) = —Rsint, y'(t) = Rcost
Do do

2

% %
I = | R*(cos’t —sin® t)\/R?(sin2 t+cos’ t)dt = R3f cos2tdt = 0.
0 0

2.2.2 Tich phan dwong loai 2
Pinh nghia Error! No text of specified style in document..15 Cho hai ham hai bién P(z,y) va
Q(z,y) xac dinh trén cung (C). Tich phan duong loai 2 ctia biéu thire P(z, y)dz + Q(z,y)dy doc
theo cung (C) theo chiéu ngurge kim déng ho ky higu 14 :
[ Pz, y)de + Q(z,y)dy
(@)
va duoc xac dinh nhu sau:
Néu cung tron (C) dugc cho béi phuong trinh y = y(x),a < z < b thi:

22



b

[ Pla.y)dz + Q. y)dy = [ |P(2,y(2))+ Q(2,y()) 4'(2) dx

(@) a
Néu cung tron (C) cho boi phuong trinh tham s6

t

2

[ Pla,y)dz + QG y)dy = [P (a(t),y(x)).'(t) + Q(w(t), (1)) y'(t) it

(©) 4
Nguoi ta da chimg minh duge rang néu (C) 1a mot cung tron va cac ham P(z,y) va
Q(,y) lién tuc thi ton tai tich phan duong loai 2. Tich phan dudng loai 2 phu thudc vao huéng di

trén cung (C').

Vi du Error! No text of specified style in document..23 Tinh [ = f ydx — zdy, (C') lantra

(@)

duong tron z° + ¢* = R* nam trén Ox, ngugc chiéu kim dong h.

x? + 2 — R2
Giai. Ta c6 (C') xac dinh boi phuong trinh sau: [ N Oy hay y = VR® —2° voixditira

Yy =
dén — a. Khi do: y':%.vay
R —z
]:f VR2—$2 —x%]d$R2f%—ﬂ'R2
a R — T a R — X

Cach khac:
Ta co

x = Rcost )

. 0<t<m=12z'(t)=—Rsint, y'(t) = Rcost.

y = Rsint

Do do

I= f [R sint.(—Rsint) — R cost.(R cos t)]dt = f (—R*)dt = —7R”.
0

0

Vi du Error! No text of specified style in document..24 Tinh [ = f zy’dy — ’ydz , (C) 1a
(@)

duong tron z° + y* = R* theo hudng nguoc chiéu kim dong hé.
Giai.
23



T = Rcost )
Ta co . 0<t<27=2z'(t)=—Rsint, y'(t) = Rcost. Suy ra:
y = Rsint

I= j[(R cost)(Rsint)*(Rcost) — (R cost)’(Rsint)(—Rsin t)}dt =

0

TR

2.2.3 Cong thirc Green

Pinh li Error! No text of specified style in document..4 Cho hai ham hai bién P(x,y); Q(x,y) cé

cdc dao ham riéng lién tuc trong mién D va (C) la bién ciia D. Khi d6 ta co:

0Q oOP
fD | [% - a—y]dxdy = (95) P(z,y)dz + Q(z,y)dy

Vi du Error! No text of specified style in document..25 Tinh 35 (x 4+ y)dz — (x —y)dy, (C) la

(@)

duong tron z° 4+ y° = R®.

Gidi. Ap dung cong thirc Green v6i P(z,y) = = + y; Q(z,y) = —(z —y). Ta co: %:—1,
T
T = 7 COoS 0<r<R
a—leva‘l(C) ' +y* =R D: 90: —_ .Suyra:
Ay y=rsing  |0<p <2
R
I—ff 2d$dy—2f[frdr = 21’
0

T cong thirc Green ta c6 thé suy ra: néu duong kin (C) 14 bién ctia mién D thi dién tich

s(D) ctia mién D duoc xac dinh boi:

—t

— fﬁ —ydz + xdy

(©)

\}

Vi du Error! No text of specified style in document..26 Tinh dién tich hinh phang gi¢i han béi

duong c6 phuong trinh tham sb sau:

T = acos’t
3 0<t<2m
y=asin’t
Gidi. Tacd: ' = —3asintcos’ t, y' = 3acostsin® ¢t . Theo hé qua cta cong thirc Green ta cd:

24



2

s(D) = %f [(—a sin® y)(—3asint cos’ t) + (a cos’ t)(3a cos t sin® t|dt =

0

2
3ma

Pinh li Error! No text of specified style in document..5 (Diéu kién dé tich phan duong loai 2
khong phu thudc dudng 1y tich phan)

Gid sir P(z,y); Q(z,y) la cdc ham hai bién lién tuc va cé cdc dao ham riéng lién tuc trong mién
D, bién ciia D la mét dwong cong kin don (C). Khi dé bon ménh d@é sau la tiwong dwong:

i 20 _oF voi moi (z,y) € D.
or 0Oy
if) § P(z,y)dz + Q(z,y)dy = 0, (C") la mot dwong cong kin trong D.

(@
B

77)) f P(z,y)dz + Q(z,y)dy chi phu thuéc vao hai diém A va B ma khéng phu thudc vao dwong
A

noi A, B.
iv) Biéu thirc P(z,y)dz + Q(z,y)dy la vi phdn ciia mét ham hai bién f(x,y) trén D.

(23)
Vi du Error! No text of specified style in document..27 Tinh [ = f (x + 3y)dx + (y + 3x)dy .
(L1)
aP % pu— 3 .

Tacd: — =
dy Oz

Gidi. Do 6 tich phan da cho khong phu thudc dudng lay tich phan. Ta liy dudng gap khuc c6
céc canh song song véi cac truc toa do lam dudng lay tich phan. Trén doan thir nhat

y=1,dy=0,1<zx<2.Tréndoanthtthai x =2, de =0, 1 <y < 3.Khido

9 2

2 3
T 41
I:[(x+3)da:+[(y+6)dy:(?+3x)
1

=5

2
—i—(%—i—Gy)

Nhdn xét: Néu P(z,y)dz 4+ Q(z,y)dy 1a vi phan ctia ham hai bién f(z,y) trén R thi

fla) = [ Play)do+ [ Qay)dy+c

0 Y

hoac

fla) = [ Qawy + [ Play)ds+c

Y% 0

25



Vi du Error! No text of specified style in document..28 Tim f(z,y) néu

af = |1+ Law + 3—%]@.
r Yy Yy oy
Gidi. Tac6 Play) =+, Qay) == 5 va 92 = 9L — _ L chon (s, y,) = (1) thi
Ty y oy dr  dy y
ta duoc

1
f(z,y) f—+1dm—|—f(2 %)dy=lnm—|—2lny+£—1+c
T
1 Yy )

26



BAI TAP CHUONG 2

2.1. Tinh céc tich phan kép

a)ffxlnydxdy,D:0§x§4,1§y§e
D

,0<y<

2 . : s K
b)fo(cos x + sin y)d:vdy,D.O§$§4 1

c)ff(x—y)dxdy,D:y:2—x2,y:2x—1
D

d)ffxdxdy,D:yzxz,yQZx
D

2.2. Tinh céc tich phan kép

a) ff(x2+y2)dmdy, D:y=z2=02r4+y—2a=0a>0
D

b) ff(x+2y)dxdy, D:iy=a'y=u
D

c)ffsin(m—l—y)d:z:dy, D:y:O’y:x’x+y:g
D

2.3. Thay doi thu ty lay tich phan trong céc tich phan kép sau

) ]daz f fl@.y)dy ) fda:f faydy o) fdy [ fay)de
-1 2 -2

7’ 1 0

2.4. Tinh cic tich phan sau bang cach d6i bién

a) ffxll—xZ—dexdy, D:x>0,y>0,2"+y" <1
D
b)ff@dmdy, D:y =z,9y =er,oy=lay =4

D
c)ff\/x2+y2—9da:dy, D:2"+y"=9a2"+y> =25
D

2.5. Tinh dién tich hinh phang gidi han boi cac dudng

2 2

) y=vry=2-4y=0 b) S =1
a
o)y’ =2,y :8(6—x)3 dy=2"y=-2z,y=4

27



2.6. Tinh thé tich vat thé gidi han boi cac mit

A z=1+y,z=2+y
D)r=0y=02=02+y=1Lz=2"+ay+1
z=ay,r+y=1,2=0

2.7. Tinh céc tich phan duong loai 1

a) f(:ﬂ + y)ds, (C) 1a doan thang ndi A(9;6), B(1;2).
()

b) f:z:yds, (C) 1a hinh vuong ‘x‘ - ‘y‘ =a,a>0.
(@)

c) fy%/‘lf, (C)) 1a cung parabol y* = 42° tir A(3§2\/§) den B(S;%)'
() NT

1
Z[) /:EQ 4 yQ

2.8. Tinh f y’dx + x’dy , (C) 1a duong ndi O(0;0), B(1;1) trong cac trudng hop sau
(€)

d) ds, (C) 1a duong tron tim gbc toa do ban kinh 5.

a) Poan thang OB. b) Cung parabol z° = y c¢) Cung parabol y° = z

2.9. Tinh nyda; —2’dy, (C) la
(©)

a) Puong tron tim O(0;0) ban kinh bang 1.

b) Puong tron tdm I(1;1) ban kinh bang 1.

¢) Puong gap khiuc OAB véi 0(0;0), A(2;0), B(4;2).
2.10. Tinh céc tich phan duong loai 2

a) | ydr —(y +2")dy, (C) 1a cung parabol y = 2z — 2” nam phia trén truc Ox va theo chiéu
(©)

kim dong ho.

b) | ydz +2zdy, (C) 1a hinh thoi ngugc chiéu kim ddng ho, cic canh c6 phuong trinh:

(@)

A A ]
32 3 2
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c) f 2xdy — 3ydz , (C) 1a tam giac ABC ngugc chiéu kim dong hé va A(1;2), B(3;1), C(2;5).

(@)
2.11. Ap dung cong thirc Green tinh

. ] x? 2
a) f(mQ —y’)dz + 5y dy, (C) laelip ?—'—Z_Q =1

(&)

b) f 2(2* + 9% )dz + (v + y)*dy, (C) 1a tam gidc LMN véi L(1;1), M(2;2), N(1;3)

(©)

c) f —z’ydx + xy’dy, (C) 1a vong tron z° 4+ 4> = R* chay ngugc chiéu kim dong ho.

(€)
2.12. Tinh dién tich hinh phang giéi han bai cac dudng cong
a)y=a2",v=1y",8zy =1
b) y’' =za" =y
c) x =2rcost—rcos2t, y = 2rsint —rsin2t

M(m,m)
2.13. Tinh (z+y)dz + (x — y)dy

0(0,0)
a) Theo duong thang OM.
b) Theo duong cong y = z +sinx.
¢) Theo parabol y = ’7
So sanh va cho nhan xét két qua cla cac cau trén? Giai thich?
2.14. Ching minh rang cac biéu thire sau ddy 14 vi phan ctia ham hai bién f(z,y) va im f(z,v)
a) (z° —2zy” + 3)dz + (v° —22°y + 3)dy

b zdx (1—2* —y’)dy
) 2 2+ 2 2
Tty Tty

¢) 6ze'dr + (32° +y + 1)e'dy
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CHUONG 3 PHUONG TRINH VI PHAN

3.1 Khai niém vé phwong trinh vi phén

Pinh nghia Error! No text of specified style in document..1 Mot phwong trinh vi phan cip n 1a
phuong trinh cé dang

F(z,y', ...,y") =0,
trong do £ 1a ham theo bién doc 1ap x, y va cac dao ham cua y tur cép 1 d&én cép n, x 12 bién doc
1ap va thudc mién xac dinh /.

Vi du Error! No text of specified style in document..1

Dyy'+2c=2,y'=2y+2x,y= x%—i—gf ... 12 cac phuong trinh vi phan cép 1.
x
n d2y dy 3 A ) < \ r
2) y"+ 2y =0, i 5d— + 4 = 0, phuong trinh dao dong cua con lac don... l1a cac phuong
x x

trinh vi phén cép 2.

Pinh nghia Error! No text of specified style in document..2 Ham kha vi y = ¢(x) dugc goi la
nghiém ctia phuong trinh vi phan, néu khi thay n6 cho ham chua biét ctia phuwong trinh s& duoc
dong nhat thirc.

Pinh nghia Error! No text of specified style in document..3 Néu ham sé y = ¢(z, ¢) thod man
phuong trinh vi phan thi duoc goi 1 nghiém tong quat (voi ¢ € R" 13 hing sd). Moi nghiém

y = ¢(z,c,) nhan dugc tr nghi¢ém tong quat y = o(x,c) tmg voi gia tri cu thé ¢ = c, goi la
nghiém riéng.

Tich phén tong quat clia phuong trinh vi phén 1a nghiém tong quat dang ¢(z,y,c¢) = 0

Vi du Error! No text of specified style in document..2

1) Xét phuong trinh y" = 0. Taco y = ¢z + ¢, 1a mdt nghieém téng quat, y = 3z 12 mot nghiém

riéng ung véi ¢, = 3,¢, = 0.

2y
2

r —Y

2) Tich phan téng quat phuong trinh y' = ta duoc nghiém y° + 2° = cy.

3.2 Phuwong trinh vi phan cap mjt
Pinh nghia Error! No text of specified style in document..4 Phuong trinh vi phan cap 1 1a

phuong trinh ¢6 dang F(z,y,y') = 0 hodc dang co ban giai ra duoc d6i véi y' 1a y' = f(z,y).

Bai toan Cauchy 14 bai toan tim dudng cong trong R* thoa
30



y'= f(z,y)

y(z,) = ¥,
trong d6 y(z,) = y, goi la dicu kién ban dau.
Vi du Error! No text of specified style in document..3 Giai phuong trinh y' = 2z véi diéu kién
ban dau 1a y(0) = 0.
Gidi.
Ta c6 nghiém tong quat 1a y = 2> + ¢. Do y(0) = 0 nén ¢ = 0. Vay bai todn Cauchy & trén c6
nghiém 1a y = 2°.

of

Néu ham f(z,y) va dao ham riéng a_y lién tuc trong lan can diém (z,,y,) thi nghiém cua bai

toan Cauchy ton tai va duy nhat.

3.2.1 Phuong trinh tach bién
Pinh nghia Error! No text of specified style in document..5 Phuong trinh vi phan tach bién la

phuong trinh ¢6 dang y' = ¢(z).h(y)
Thuc hién phép bién d6i

d d d
d—i — g(2).h(y) & T“;) = ga)dz & [ WZ) = [ g(@)dz & H(y) = G@)+c (1)

Ngoai nghiém duoc xac dinh bai (1), phuwong trinh tich bién con c6 nghiém dic biét y = Y, voi
y, 1a nghiém s6 ctia phuong trinh A(y) = 0.

Vi du Error! No text of specified style in document..4 Giai cac phuong trinh vi phan

y' =221 2) (14 2%)dy + ydz — 0 thod didu kién ban dau y(1) = 1.
Giai.
1) Tacod @:x_—l(:) ydy = (z — 1)dz

dx Y

Tich phén hai vé ta duoc

w | =

y _(@-1)

3(z — 1)
=t y= "
3 2
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2) Ta viét lai phuong trinh dy =— d >
Y 1+2

Tich phan hai vé ta duoc: In ‘y‘ = —arctgr + c.

Ma y(1) =1 nén In1 = —arctgl + ¢ = ¢ = —. Vay phuong trinh c6 nghiém riéng la

T
4

ln‘y‘ = —arctgxr + %

3.2.2 Phuong trinh ding cip
Ham f(z,y) goi la ham dang cip bac mnéu f(tz,ty) = t" f(z,y)
Pinh nghia Error! No text of specified style in document..6 Phuong trinh vi phan dang cép 1a
phuong trinh cé dang
P(z,y)dz + Q(z,y)dy = 0

trong d6 P(z,%), Q(z,y) 1a nhitng ham dang cap clng bac.

Dit y = tz. Khi 6 phuong trinh dang cip duoc dua vé phuong trinh tach bién ddi vi ham can
tim la ¢.

Vi du Error! No text of specified style in document..5 Tim nghi¢m ri€ng cia phuong trinh

y'= g—l—sing () véi y(1) = E_
x T 2
Gidi.
bat y =tz va dy = tdr 4 xdt. Do d6 phuong trinh (1) twong duong véi

zdt + tdx = (t + sint)dz < zdt = sintdr < _dt _dz
sin ¢ x

Tich phén hai vé ta duoc

In tg% = ln‘aj‘ + ln‘c‘ &y = 2zarctg(cx) .

Do y(1) =

o |3

nén g = 2arctgc = ¢ = 1. Vay nghiém riéng phai tim 1a y = 2zarctgz .

3.2.3 Phuwong trinh tuyén tinh
Pinh nghia Error! No text of specified style in document..7 Phuong trinh vi phan tuyén tinh 13

phuong trinh c6 dang

32



khi do6

h(z) = f i((j; dz + ¢ (c 12 hang s6).

Nghiém tong quat can tim 1a

y = effP(:r,)d.’zr f Q(x)efP(:c)d:rdx Lol

Vi du Error! No text of specified style in document..6. Giai phuong trinh
——=———gcosz =0 (z>0).
Giai.

Ta viét lai phuong trinh dang y'— zy =2’ cosz (v > 0).
T

Day la phuong trinh tuyén tinh véi P(z) = — 2 , Q(z) = 2° cos .
T

Ta co

iEQ COS T

2
X

2
— —=)dx
k(z) =e f( . = 2l — 2 Véh(x):f dx+c:fcosdx~|—c:sinx+c.

Vay nghiém tong quét clia phuong trinh 1a y = z°(sinz + ¢).

3.2.4 Phuwong trinh Bernoulli
Dinh nghia Error! No text of specified style in document..8 Phuong trinh vi phan Bernoulli 1a

phuong trinh c6 dang
y'+ P(z)y = Q(z)y" (n=0,n=1).

1-n

Dé giai, dat z = y' " ta dugc phuong trinh méi

1

1-m

2+ P(z)z = Q(x)

1a phuong trinh tuyén tinh.
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Yy

Vi du Error! No text of specified style in document..7 Giai phwong trinh y'+ < = z’y*. Day la
T

phuong trinh Bernoulli véi

P(z) = l,Q(a:) =1’n =4

X

Giai. it z = y°, ta dugc phuong trinh z'—- 3P(x)z = —3Q(x). Pay la phuong trinh vi phan

tuyén tinh va k(z) = 2*, h(z) = 3In<.Dodé z = 32° In<.
T T

) 1 1
Suy ra nghiém ctia phuong trinh da cho 1a y = =

%/; z.33 In £ '

3.2.5 Phuong trinh vi phan toan phin
Pinh nghia Error! No text of specified style in document..9 Phuong trinh vi phan toan phan 1a

phuong trinh c6 dang
P(z,y)dz + Q(z, y)dy = 0,
trong do or = 29
Jy Ox

Ta nhan thiy vé trai cua phuong trinh d cho 14 vi phan toan phan ciia ham u(z.y) nao d6. Do do
c6 thé viét du = 0 va nghiém tong quat v = ¢ dugc xac dinh theo cong thirc

z y

u= f P(z,y)dx + f Q(z,,y)dy,

Zo Y
trong d6 diém (z,,9,) chon trudc bat ky sao cho tich phan ¢ vé phai c6 nghia.
Vi du Error! No text of specified style in document..8 Tim tich phan tong quat ctia
(z+y—1dz+(e" +z)dy =0
Giai. Ta co

oP 0
P(w,y):,flj—|—y—1, Q(xvy):€?1+$:>—:—Q:1
oy or

Do d6 phuong trinh da cho 1a phuong trinh vi phéan toan phan. Tich phan téng quat theo cong

thirc voi z, = y, = 0 ta dugc

T Y
1
u:f(xjty—l)dx—l—feydy:gxz—|—:1:y—x+e?’—1
0 0
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Vay nghiém tong quat 13
Yy 1 2
e +$y—x+§x =c.

3.3 Phwong trinh vi phin tuyén tinh cap hai

Pinh nghia Error! No text of specified style in document..10 Phuong trinh vi phéan tuyén tinh cap

2 1a phuong trinh ¢6 dang

a,(z)y "+ a,(z)y '+ a,(z)y = f(z),
Trong d6 y', y" 1a cac dao ham cta ytheo x. Ham a (z) khong la ham hang 0, cac ham
a,(r), a (), a,(z), b(z) thuong duoc gia st 1a cac ham lién tuc.
Pinh nghia Error! No text of specified style in document..11 Phuong trinh vi phan tuyén tinh cap
2 hé s6 hang thuan nhat 14 phuong trinh ¢ dang

y"+ay'+by=0 (1)

trong d6 a, b 1a cac hang sd.

Phuong trinh k* 4 ak + b = 0 duoc goi la phuong trinh dic trung cua (1). Ta xét cac truong hop

sau
Néu &’ + ak +b = 0 c6 hai nghiém phan biét k, = k, thi (1) c6 nghiém téng quat cho boi
cong thue
y = clekl'r + cgew (¢,,c, 1a nhitng hing s6 bat ky).
Néu k* + ak +b = 0 c6 nghiém kép k, =k, =k thi (1) co nghiém téng quat cho boi
cong thirc

y = ce” + c,ze™ (¢, ¢, 1a nhiing hang s6 bat ky).
Néu &’ + ak +b = 0 c6 hai nghiém phirc klz = o + i3 thi (1) c6 nghiém tong quat dang
y=-e"" (cl cos B + ¢, sin 51’)
Vi du Error! No text of specified style in document..9 Gidi cdc phuong trinh vi phan
1) y"-2y'-3y =0 2) y"+6y'+9y =0 y"-2y'+5y=0
Giai.
1) Phuong trinh dic trung ctia phuong trinh da cho 1a & — 2k — 3 = 0. N6 c6 hai nghiém

k = —1, k, = 3. Do d6 nghiém tong quat cua phuong trinh dé cho la
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y=ce "+ 0263"’.

2) Phuong trinh dic trung k* + 6k +9 = 0 c6 nghiém kép k =k, = —3. Do do nghi¢m tong
quat cua phuong trinh da cho la

y = (c, +zc,)e .

3) Phuong trinh dic trung &° — 2k 4+ 5 = 0 c6 hai nghiém phirc k,, =1=£2:i. Do d6 nghiém tong
quat cua phuong trinh da cho la
y=c¢e" (cl cos 2z + ¢, sin 2:1c).

Pinh nghia Error! No text of specified style in document..12 Phuong trinh vi phan tuyén tinh cip
2 hé s6 hang khong thuan nhat 14 phuong trinh cé dang

y"+ay'+by = f(z), (2)
trong d6 f(z) 1a ham s cho trudc khong dong nhét bang 0.
Dinh li Error! No text of specified style in document..1 Gia sur y,, la mot nghiém riéng cua
phurong trinh khéng thuan nhdt (2) va Yro la nghiém téng qudt ciia phirong trinh thuan nhdt
twong vmg (1), khi @6 nghiém tong qudt cia (2) la

Y=Yt Yy

Vi du Error! No text of specified style in document..10 Giai phuong trinh y'"+ y — 2y = —4x
Gidi.

Nghiém tong quat ctia phuong trinh thuan nhat y"+y —2y =0 1a Y, = cle_% +c,e”. Vamot
nghi¢m riéng ctia phuong trinh y"+y — 2y = —4z 1a y, = 2z + 1. Vay nghiém tong quat cia
phuong trinh da cho 1a

Yy = 6167237 +ece’ +2z+1.
Sau ddy 1a mot s6 phuong phap tim nghiém riéng ctia phuong trinh khong thuan nht.

Trudng hop tong quat ta dung phuong phép bién thién hang sd. Tuy nhién trong pham vi chuong
trinh ta chi xét truong hop f(x)cod dang dac biét :
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Truwong hop 1 : f(q:) =P (x).e“‘”, P (l’) 1a da thirc bac n. Tim y_cédang: y = z°.".Q (Jz),

trong do:

s =0, néu a khong la nghiém cua PT dic trung.

s =1, néu a la nghiém don cua PT dic trung.

s =2, néu « 1a nghiém kép cua PT dic trung.

Q, (x) la da thirc cung bac P (x) v6i cac hé sd can tim

Dé tim c4c hé sb nay, thay y vao phuong trinh (1)

Truwong hop 2: f(x) =" (Pn (x)cos Br+Q (x)sin ﬁx). Tatim y co6 dang :

y =a'e” (Rk <3:) cos Br + S, (a:) sin ﬁx) :
Trong do,
s =0, néu o+ i3 khong la nghiém cuia PT dic trung.
s=1,néu o + 13 1a nghiém don cua PT dac trung.
RS, 1a2 dathic bac k = max {m, n} véi cac hé sb can tim.

Dé tim céc hé sb nay, thay y, vao phuong trinh (1)

v +py +ay, = f(z),
vi sinz va cosz doc lap tuyén tinh nén cac hé sd twong ing bang nhau.
Vi du Error! No text of specified style in document..11 Tim nghiém téng quat ctia cac phuong

trinh vi phan
D y"+3y'+2y =2’ 2) y"—2y'+y =cosz
Gidi.

1) Ta thdy f(z) = ” nén y, co dang téng quat1a y = Az” + Bz + C . Do d6

y'=2Ax + B, y" = 2A. Thay vao phuong trinh da cho ta tim dugc A =—, B = —g, = 2

N | —

1 7
Nén =—z’——x+—.
U 2 2 4

Phuong trinh thudn nhat twong tmg y"+ 3y '+ 2y = 0 c6 nghiém téng quat 14
Y, = 0167217 +ce .

Do d6 nghiém tong quat cia phuong trinh da cho 13

=ce " +ce” +1:1:2 —§x+z
=4 ? 2 2 4
2) Taco y, co dang tong quat1a y = Acosz + Bsinz va y' = —Asinz + Bcosz va
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y" = —Acosx — Bsinx. Thay vao phuong trinh da cho ta dugc A = 0,B = —% :

1
Vay y = —Esinx.

K&t hop véi nghiém tong quét cua phuong trinh thuan nhat y, = e*(c, + ¢,r) ta c6 nghi¢m tong

quat can tim 13
1. .
y=-—gsinz +e'(c, +c,x).

Pinh li Error! No text of specified style in document..2 Néu Ys Y, lan luot la hai ngiém ciia hai

phuong trinh
y'+tay'+b=f(z), y"+ay'+b = [(z)

thi ham y = ay, + By, la nghiém cua phwong trinh:
y"+ay'+b = af(r) + Bf,(v).
Vi du Error! No text of specified style in document..12 Giai phuong trinh vi phan
y"+ 4y = 10e” + 162
Giai.
Phuong trinh 3"+ 4y = e ¢6 mot nghiém riéng la y, = %e‘” . Phuong trinh "+ 4y = 2° c6 mot

. : 1 1
nghiémriéng la y, = Z:l:2 s

Vay phuong trinh 3"+ 4y = 10e” + 162> ¢6 mot nghiém riéng la y,_ = 2¢” + 42” — 2.
Chii y: Khi dung phuong phap hé sb bat dinh, van dé dat ra 1a néu ham f(z) 1a mot nghiém cua
phuong trinh thuan nhat tvong tng thi ta khong thé tim duoc hé sb cua dang tong quat. Chang
han, phuwong trinh 3"+ 2y '— 3y = € c6 dang tong quat cia ham f(z) =e" 1a y = Ae”, do
f(z) = e* 1a mdt nghiém ctia phwong trinh thuan nhat nén ta c6 0 = e*. Vay khong xéac dinh
duge hé sb A.

3.4 Hai dang phwong trinh vi phén tuyén tinh cap hai giam cap dwoc
Dang y" = f(z,y')
Pit y' = p tacd y" = p'. Khi d6 phuong trinh di cho trd thanh phuong trinh vi phan cip mét:
p'= f(z,p)
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trong d6 p 1a ham cua z . Giai phuong trinh trén ta duoc nghiém p = p(z,c) dodotir y' = p ta
c¢6 nghiém tong quat cua phuong trinh di cho 1a

y= [ plz.c)dz+e,

!
Vi du Error! No text of specified style in document..13 Giai phuong trinh y "+ LA—
x

: ; . 1
Giai. Bat y'= p thi y" = p' ta dugc phuong trinh vi phan tuyén tinh cap mot p'+—p = x.
x

Ta co
k(z)=e B =—va h(x):f@—l—c:fxgdx—l—c:x—g—l—c
x _
T
Vay
P z 3 3 z
t
Do d6 y:fpdx—l—cl = f(g—i-;)dx:——i-cln‘x‘—l—cl.
Dang y" = f(y,y")
bat y'= p, véiplaham cua y. Khido y" = dap = dp dy =pp' va pp'= f(y,p).
dr  dy dx
, n .k dy ~ \ \ , - A A
Tich phén hai ve, ta duoc p = p(y,c,). Suy ra e p(y,c,). Day la phuong trinh tach bién, nén
T
ta viét lai dy = dzr suyra f =z+c
©op(y.c) p(,c,) ’

Vi du Error! No text of specified style in document..14 Giai phuong trinh 2yy "+ (y')’ = 0

Giai. Pat y'= p = y" = pp' thay vao phuong trinh da cho ta dugc:

d d c
2ypp'+p2=0¢—p:——y:1n\p\:1n—1.
P2 Jy
Viy ta co:
2
c d c 2 2 3 3
p:—lﬁ—y:—li\/;dy:cldxi—yz:clx~|—(:2$y:—(clx~|—(:2)
y  dr Ly 3 2
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BAI TAP CHUONG 3

3.1. Giai phuong trinh vi phan
a) Incosydzr + xtgy dy = 0

b)z1+ y°dx + yV1+ 2°dy = 0
xdy ydx

c) + —
\/ 11—y \/ 1—2°
3.2. Giai phuong trinh vi phan

0

a)y '+ sin(z + y) = sin(z — y)

2x
b)yy'=—

cos y
)xyy' =1—2°

3.3. Giai phuong trinh vi phan

|
a) e =0, y(1) =0
xz

b) (1+€*)y’dr = e"dz, y(0) = 0
d d
z L dy
wy—1)  ylz+2)
3.4. Giai phuong trinh vi phan
a) (z+y)de+(z—y)dy =0

c) =0, y(1) =1

b) z Sin(z)y +x=y sin(g)
Y T
c)y'= LA cos(g)
T T

3.5. Giai phuong trinh vi phan
a) (v° — 3y*)dx + 2zydy = 0, y(2) =1
T
b) my'—y = atg(2), y(1) ==
T 2
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oy =4+L+ @y y1y=2
s X

3.6. Giai phuong trinh vi phan

a) 2y'—y = 2’ cosx b)y'+2:(;y::13@7""‘"2 d) y'coszr+y=1—sinz

3.7. Giai phuong trinh vi phan

Yy

a) (1+ 1:2)3/ '+ y = arctgx b) y'— —
sin z

3.8. Giai phuong trinh vi phan

n 1
a) y'+;y =—,y1)=0

X

b) y'V1—2° +y = arcsinz, y(1) = 0

c) y'— ly = rlnz, yle) = 0,5¢”
rlnz

3.9. Giai phuong trinh vi phan

a)y'——2— —1-2=0,490=0 b)ZLrL=_zp C)2xz/j—

1—2° dr =«

3.10. Giai phuong trinh vi phan

a) (L+e)yy'=e", y(0)=1

b) zdy — ydz = Jz° +y° dz
¢) y'+ 3ytg3r = sin bz, y(0) = +

3.11. Giai phuong trinh vi phan
a) y"=5y'+ 6y =0 b) y"-2y'+2y =0 )y=y"+y'
3.12. Giai phuong trinh vi phan

a)y"—-y'=0 b) y"+ky =10 C)y—y:3

3.13. Giai phuong trinh vi phan
a) y"—by+4y =0, y(0) =5, y'(0) =8

b) y"+2y'=0,y0)=1 y'(0)=0

c) y"+ 'y =0, y(0)=0,y1)=0
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3.14. Giai phuong trinh vi phan

a) y"—4dy'+4y =1’ by'"-y+y=2"+6 ) y"+2y'+y=¢"

3.15. Giai phuong trinh vi phan

a) y'"+y=-coszc b) y"+y'—2y = 8sinz ) y"+y'— 6y = ze*”

3.16. Giai phuong trinh vi phan

a) y"—2y'+ 5y = e’ cos 2z b) y"—Ty'+12y = - ¢) y"—2y'— 8y =" —8cos2x

3.17. Giai phuong trinh vi phan
a)y"—2y'— 10y = sin 3z + €" b)y”—4y'—|—4y:262z+g )y"-3y'=x+cosz

3.18. Gidi phuong trinh vi phan

1
)y == by =—— &)y =1-(y
x 2y
3.19. Giai phuong trinh vi phan
a) L+ )y"+ (') +1=0 b y'l+(y)]=y" c) e’y"+ay' =1

3.20. Giai phuong trinh vi phan

a) yy" = y'y'+ (y') b yy'=y'(l+y)=0 o (@+y"—(z+2)y'+2+2=0
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